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Preface 



Kinematics of machines is usually defined as the study of the relative 
motions of machine parts. The emphasis has been placed here rather 
than on the descriptions of mechanisms. However, a wide variety of 
mechanisms are used in the development of the theory and in the 
examples. 

The basic concepts have been reduced to a minimum number. Their 
inclusion in the first two chapters makes it possible to omit sections in the 
remaining ten chapters without loss of continuity. Because of their basic 
importance, relative motion, inversion, and the angular velocity theorem 
are extensively treated. Some special constructions have been included 
in Chapter 6, not for their own sake, but to point out that basic theory 
can be used in many ways and that short cuts can often be developed. 

The book presupposes a knowledge of engineering mechanics. How- 
ever, calculus is sufficient if the reader spends additional time on the first 
two chapters. 

The amount of material on cycloidal gears and flat belts has been 
reduced. New material has been included on velocity and acceleration 
polygons, equivalent linkages, special constructions, chains, rolling 
bodies, gears, and miscellaneous mechanisms. The derivation of Coriolis' 
acceleration is a special case, but it should make it possible for the reader 
to visualize the vector in magnitude and direction. 

Problems of varying difficulty are included at the end of each chapter. 

Material taken directly from other sources is acknowledged in the 
book. The author wishes to express appreciation to Professors L. C. 
Price and Ching-U Ip of Michigan State College for their help and encour- 
agement during the writing of this volume. 

HOLLAND T. HINKLE 
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CHAPTER 1 



Terminology and Basic Concepts 



1.1. Introductory. Certain phases of kinematics are as old as 
recorded history. One of the simplest devices, the wheel, has been used 
for five thousand years. The frontispiece in this book shows Leonardo 
da Vinci's (1452-1519) " Study of Mechanism of Wing of Flying Machine." 
A slider-crank mechanism is clearly shown. This slider crank is the 
basic mechanism of modern aircraft engines. Da Vinci would have been 
unable to calculate the acceleration of the slider. This is now consid- 
ered a simple problem. In modern high-speed engines the inertia forces 
are often greater than the gas forces. An acceleration analysis is neces- 
sary for satisfactory design. 

The Linotype shown in Fig. 1.1 is an example of a machine that 
contains many mechanisms. Its operation is almost as simple as that of 
the typewriter; an operator can write about 150 letters a minute. The 
rest is automatic. Cast slugs of the proper length, similar to that of 
Fig. 1.2, emerge from the machine. Most of the mechanisms are hidden 
from view. One series is shown in Fig. 1.3. When the key is pressed, a 
sequence of motions is started that in the end forms one letter in the slug. 
The cams in Fig. 7.1 actuate and control most of the mechanical actions 
of the Linotype. 

A book filled with descriptions of mechanisms would be interesting 
and useful to the graduate engineer, but would be of little value to the 
person who is not well grounded in the theory of kinematics of machines. 
This book was written to present this groundwork. Terminology and 
the fundamentals of motion are presented first. This is followed with 
additional theory, and applications to specific mechanisms. The last 
chapter contains brief discussions of mechanisms not considered in earlier 
chapters. 

1.2. Kinematics of machines treats of the relative motion of 
machine parts. The kinematic scheme of a machine can be investigated 
without regard to forces. This makes it possible to treat kinematics of 
machines as a separate subject. 

1 
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Fig. 1.1. Linotype machine. (Courtesy of Mer gen thaler Linotype Co.) 




Fig. 1.2. (Courtesy of Mergenthaler Linotype Co.) 
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Fig. 1.3. (Courtesy of Mergeti thaler Linotype Co.) 

The design of a machine may be divided into three steps: 

1 . Determination of the kinematic scheme 

2. Determination of the forces 

3. Proportioning of the parts 

These three steps may not always be independent. When inertia 
forces are considered, the mass of the parts will contribute to the forces, 
and it might be necessary to alter the kinematic scheme to reduce accel- 
erations. It is usually convenient, however, to consider the first two 
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steps separately and then apply them in machine design, where the third 

step is considered. Forces will be considered briefly in several sections 

of this book. 

1.3. Pairs. A pair is a joint that permits relative motion. As 

implied by the name, a pair has two elements. A slider-crank mechanism 

that is commonly used in gasoline 
engines is shown in Fig. 1.4, where 
A is a turning pair. The surface 
of the crankshaft that turns in the 
bearing is an element, and the 
surface of the bearing is the other 
element. Here B and C are sim- 
ilar turning pairs, and D is a pair. 
The surface of the piston and the 
Fig. 1.4 surface of the cylinder form a slid- 

ing pair. 
In Fig. 1.5, the diameter of the journal with center at B has been 

increased in size so that it includes the shaft with center at A. This 





Eccentric Conventional 

Crank 



Fig. 1.5 

type of crank is called an eccentric. An eccentric can be assembled 
with a one-piece connecting rod. Kinematically, the slider-crank mecha- 
nism in Fig. 1.5 is equivalent to Fig. 
1.4. 

A wheel and the surface on which 
it rolls form a rolling pair at the 
point of contact. A nut and screw 
form a helical pair (Fig. 1.7). A ball- 
and-socket joint forms a spherical 
pair (Fig. 1.8). 

1.4. Higher and lower pairs. 
If a pair has surface contact, it is a 
lower pair. If a pair has theoretical point or line contact, it is a higher 
pair. Thus A, B, (7, and D in Fig. 1.4 are lower pairs. In Fig. 1.6, a 




Fig. 1.6 
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mechanism is shown that is equivalent to Fig. 1.4. The piston has been 
replaced by a sphere, rigidly fastened to the connecting rod. The cyl- 
inder and sphere have line contact, and form a higher pair. This would 
result in excessive wear, and is therefore not good design. Kinematically, 
it makes no difference whether a pair is higher or lower. 

1.5. Closed and unclosed pairs. Elements of pairs that are held 
together mechanically are closed pairs. The pairs of Figs. 1.4, 1.5, 1.6, 




Fig. 1.7 





Fig. 1.8 



Fig. 1.9 



1.7, and 1.8 are closed. Pairs that are not held together mechanically 
are unclosed pairs. The cam and follower shown in Fig. 1.9 form an 
unclosed pair. The cam and follower are held in contact by the forces 
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of gravity and the spring. At excessive speeds the cam and follower 
would not remain in contact at all times. 

1.6. Kinematic link. A kinematic link is a rigid body with two or 
more elements of pairs. In Fig. 1.4, the crank and connecting rod have 
two elements of turning pairs each. The piston and frame have a turn- 
ing element and a sliding element each. The master connecting rod of a 
nine-cylinder radial aircraft engine, shown in Fig. 1.10, has ten elements 
of turning pairs. 

All materials have some elasticity, but in most cases the deformations 
are so small that they can be neglected in a kinematic analysis. Flexible 
connectors, such as belts and chains, act only in tension, and fluid in a 
tube acts in compression. While so acting, these can be treated as 
equivalent rigid links with elements of pairs. 





Fig. 1.10 Fig. 1.11 

1.7. Kinematic chain. When several links are joined in such a 
way that with one link fixed the others move according to a definite law, 
the chain of links is a kinematic chain. This type of motion is called con- 
strained motion. When the frame in 
Fig. 1.4 is fixed, the piston has a definite 
location for each position of the crank. 
This chain of links has constrained 
motion, and is a kinematic chain. The 
chain of links shown in Fig. 1.11 does 
Fig. 1.12 not have constrained motion. For an 

assumed position of link 2, there is an 

infinite number of positions for links 3, 4, and 5. Two sets of positions 
are shown with broken lines. This chain of links is not a kinematic 
chain. The chain in Fig. 1.12 is a structure. When one link is fixed, 
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the others cannot be moved. Only kinematic chains will be considered 
in this book. 

1.8. Mechanism. When one link of a kinematic chain is fixed, the 
chain becomes a mechanism. This will be discussed further in Art. 2.8. 

1.9. Machine. A machine is a mechanism or a group of mechanisms 
used to perform useful work. Gasoline engines, lathes, and hoists are 
examples of machines. A watch is a mechanism. The stored energy in 
the spring is used to overcome friction and move the hands. No external 
work is done. 

1.10. Plane motion. If a body moves in such a way that all points 
in it remain at constant distances from a reference plane, the body has 
plane motion. This reference plane is called the plane of motion. The 
three types of plane motion are described in the following three articles. 

1.11. Plane rotation. If a body has plane motion and moves in 
such a way that each point in it remains a constant distance from a 
fixed axis perpendicular to the plane of motion, the body has plane 
rotation. The crankshaft of the engine mechanism shown in Fig. 1.4 
has plane rotation when the frame is fixed. 

1.12. Plane translation. If a body has plane motion and moves 
in such a way that a line joining any two points in it (except lines normal 
to the plane of motion) remains parallel to all previous positions, the 
body has plane translation. If, in addition to this, the body moves in a 
straight line, it has rectilinear translation. The piston in Fig. 1.4 has 
rectilinear translation. It is sometimes convenient to consider recti- 
linear translation as a special case of rotation, with an axis of rotation at 
infinity. The motion of a body moving with translation in a curved 
path is called curvilinear translation. The cars of a ferris wheel have 
this type of motion. 

1.13. Combined translation and rotation. If a body has plane 
motion that is neither pure rotation nor pure translation, it is a combina- 



c 1 




Fig. 1.13 

tion of the two. The motion of the connecting rod shown in Fig. 1.4 is 
of this type. This mechanism is shown again in Fig. 1.13. Consider 
the motion of the connecting rod as it moves from position CB to C'B' . 
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In Fig. 1.14, it is shown that this is equivalent to translation from CB 
to C'B' 1 ', and then rotation from C'B" to C'B'. The same displacement 
could be accomplished as shown in Fig. 1.15. The connecting rod is 




Fig. 1.14 




Fig. 1.15 



rotated from CB to CB" and then translated from CB" to CB'. At any 
instant the motion of the connecting rod can be considered to be a com- 
bination of rotation about some point, and translation. 

1.14. Helical motion. A body having rotation combined with 
translation along the axis of rotation has helical motion. A nut that is 
turned on a screw has helical motion (Fig. 1.7). This is three-dimensional 
motion. 

1.15. Spherical motion. If each point in a body moving in space 
remains a constant distance from a fixed point, the body has spherical 
motion. The ball, and any part that is rigidly attached to the ball of the 
ball-and-socket joint shown in Fig. 1.8 have spherical motion. This is 
three-dimensional motion. 

1.16. Phase, cycle, and period of motion. The simultaneous 
relative positions of the links of a mechanism or machine at any instant 
constitute a phase. The two phases of the mechanism shown in Fig. 
1.13 can be indicated by specifying the position of the crank as 0i and 
62. A machine completes a motion cycle when it starts from some phase, 
passes through all possible positions, and returns to the original phase. 
The slider-crank mechanism completes a motion cycle each time the 
crank turns one revolution. The valve mechanism of a 4-cycle gasoline 
engine requires two revolutions of the crank to complete one motion 
cycle. The period is the time required to complete one motion cycle. 

1.17. Vectors. Quantities that have only magnitude, such as time, 
distance, and volume, are scalar quantities. Quantities that have both 
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Free Vector 



magnitude and direction, such as displacement, velocity, and accelera- 
tion, are vector quantities. A vector quantity can be represented by a 
straight line with an arrowhead. The length of the line represents the 
magnitude; the angular orientation represents the line of action. The 
arrowhead is called the terminus, and 
the other end is called the tail, or origin 
of the vector. If the origin of the vec- 
tor is placed at the origin of the quan- 
tity that it represents, it is called a 
localized vector. If the vector is drawn 
anywhere else in the plane, it is called 
a free vector. The localized vector and 
a free vector representing the velocity 

r i A i TV 1 -i n Fig. 1.16 

or crankpm A are shown in ing. Lib. 

1.18. Addition and subtraction of vectors. The symbols 
and [> are commonly used to denote vector addition and subtraction. 
In Fig. 1.17, let A and B represent successive displacements of a body. 
These two displacements are equivalent to the single displacement 
A +[> B. All vector quantities can be added in this manner. The 
order in which the vectors are added does not matter. Vector B can 
be subtracted from A by changing the sign of B and adding, as shown 
in Fig. 1.18. Vector A can be subtracted from B, as shown in Fig. 1.19. 







Fig. 1.18 



Fig. 1.19 



An examination of Figs. 1.18 and 1.19 shows that A [> B is equal and 
opposite to B -> A, or (A +> -B) = -(B -> A) = -(-A +> B). 

1.19. Composition and resolution of vectors. The adding or 
combining of vectors is called composition of vectors. The breaking up 
or resolving of a vector into equivalent components is called resolution 
of vectors. A vector can be resolved into an infinite number of combina- 
tions of components. It is often convenient to resolve a vector into two 
components; for example, the components parallel to the x and y axes. 

Two component vectors represent two magnitudes and two directions. 
If any two of these four quantities are known, the other two can be deter- 
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mined. In Fig. 1.20, vector A is to be resolved into two components; 
the magnitude and direction of one component, 6, is known. This 
known vector is laid off from the origin of vector A. The closing line 
determines the other component, C. A second solution, R' and C", is 
shown. This is equivalent to the solution B and C. 

In Fig. 1.21, vector A is to be resolved into two components of mag- 
nitude b and c. Arcs of radii b and c are drawn from centers at the origin 
and terminus of vector A. The intersections of the arcs determine two 
distinct solutions, BC and B'C' . If the magnitudes b and c are equal, 
there is one solution. If the sum of the magnitudes b and c is less than 
the magnitude of A, there is no solution. 





/ 
/B 1 



Fig. 1.20 



Fig. 1.21 





Fig. 1.22 



Fig. 1.23 



In Fig. 1.22, vector A is to be resolved into two components having 
directions b and c. Lines parallel to 6 and c are drawn through the origin 
and terminus of vector A. The intersection of these lines determines 
the single solution, B and C. 

In Fig. 1.23, vector A is to be resolved into two components; one is to 
be of magnitude b and the other is to be in the direction c. A line parallel 
to c is drawn through the origin of vector A. An arc of radius b is drawn 
from a center at the terminus of vector A. The intersection of the arc 
with the line of direction c determines two solutions, CB and C'B 1 '. If 
the arc is tangent to the line of direction c, there is one solution. If the 
arc does not reach the line of direction c, there is no solution. 



CHAPTER 2 



Equations of Motion, Relative Motion, 
and Transmission of Motion 



2.1. Displacement of a point. Displacement is the change of 
position of a moving point. In Fig. 2.1, point P moves from position D 
to E along the path C. The displacement of P is As. This displacement 
can be expressed by a single vector equation in terms of components 
parallel to the x and y axes. 

As = Ax +> Ay (2.1) 

Two algebraic equations are required to express this displacement. A 
vector symbol enclosed in bars represents the magnitude of the vector. 
The magnitude is 



|As| = Vi~A^~+W (2-2) 

and the direction is 



= tan-' 



(2.3) 



In the limit, E approaches D and the chord As approaches the tangent 
at D. The direction of motion of a point as it moves along a path is 
therefore tangent to the path. 

The angular displacement of point P can be expressed as the change 
in the angle made by its radius vector with respect to some reference 
point and line, in this case the origin and the x axis. 

A0 = 0i - 2 (2.4) 

In order to obtain a relationship between linear and angular displace- 
ment, the displacement As (see Fig. 2.2) is written 

As = #iA0 +> AR 
In the limit, 

ds = Ri dO +> dR 

For the important case of a circular path (see Fig. 2.3) dR is equal to 
zero, and 

ds = R dB (2.5) 

11 
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Fig. 2.1 



Fig. 2.2 




Fig. 2.3 

2.2. Linear and angular velocity. Linear velocity is the time rate 
of change of linear displacement. In Fig. 2.1, point P moves from I) to 
E in time AZ. The average velocity is 

V = *? 
AZ 

The instantaneous velocity of point P at position D is obtained by taking 
the limit 



T7 T . ., As c/,s 

7 = Limit -T-=--r. 

t = Q At at 



(2.6) 



The direction of the velocity is tangent to the path. 

Angular velocity is the time rate of change of angular displacement. 
When the radius vector (Fig. 2.1) moves through an angle A0 in time A/, 
the average angular velocity is 

A0 



where co is radians per unit time. In the limit, the instantaneous angular 
velocity is 

(2.7) 



CO = 



dt 



A relationship between linear and angular velocities for the case of 
circular motion can be obtained by substituting Eqs. (2.6) and (2.7) in 
Eq. (2.5), giving 

V = Ru (2.8) 
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2.3. Linear and angular acceleration. The acceleration of a 
point having rectilinear motion will be considered first. Since the motion 
of the particle does not change in direction, the acceleration is due only 
to the change in magnitude of the velocity. Linear acceleration is the 
time rate of change of the magnitude of velocity. For a time interval 
A, the average acceleration is 



where F is the initial velocity and V is the final velocity for the time 
interval. In the limit, the instantaneous acceleration is 

flV ^ 2 ? 

" - f - < 2 -'> 

If the motion of the point is that of constant or uniform acceleration, 
the average acceleration for any time interval is equal to all the instan- 
taneous values. For this special case the time interval can be of any 
value, and Eq. (2.9) can be written 

A = V ~ Vo or V = Fo + At (2.11) 

t 

If a point has uniform velocity, the displacement s in time t is 

s = Vt (2.12) 

If a point has variable velocity, the displacement is the product of 
the average velocity and the time. For uniform acceleration, the dis- 
placement is 

= (Vo + V)t (2.13) 

Substituting the value of V from Eq. (2.11) in Eq. (2.13) gives 

s = V t + ^At 2 (2.14) 

Substituting the value of t from Eq. (2.11) in Eq. (2.13) gives 

F 2 = V\ + 2 As (2.15) 

Angular acceleration a is the time rate of change of angular velocity. 
This is expressed as 

(2 16) 

(2>16) 



If a point moves in a circular path with uniform angular acceleration, 
and angular symbols 6, c*>, and a are used in place of linear symbols s, 
F, and A, Eqs. (2.13), (2.14), and (2.15) will be derived in the form of 
(2.17), (2.18), and (2.19), respectively. 

9 = \ (coo + co)* (2.17) 

= a> J + i<* 2 (2.18) 



(2.19) 
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2.4. Normal and tangential acceleration. When a point moves 
in a circular path, the velocity changes in direction, and may or may not 
change in magnitude. In Fig. 2.4, a point moves from position B to C 
in time dt. The initial velocity is V and the final velocity is V +D> d V. 
In Fig. 2.5, the change in velocity dV is resolved into two components 
dV n and dV'. Component dV n is normal to the path; it results from the 
change in direction of the velocity. Component dV i is tangent to the 
path; it results from the change in magnitude of the velocity. 




Fig. 2.4 




-~| dv' [*- 



Fig. 2.5 




The acceleration in the normal direction (A n , normal acceleration) is 
the time rate of change of velocity in this direction. 



(2.20) 



From Fig. 2.5, 
Hence 



- "a 



(2.21) 
(2.22) 



Substituting Eqs. (2.7) and (2.8) in (2.21) gives 

n _ _ 2 V * 

w = a? = -^ 

The acceleration in the tangential direction (A*, tangential accelera- 
tion) is the time rate of change of the magnitude of the velocity. Equa- 
tion (2.10) applies. 

JtTt 

(2.23) 
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Substituting the derivative of Eq. (2.8) in (2.23) gives 

A'-R%-R (2.24) 

From Fig. 2.6, the magnitude of the total acceleration is 



\A\ = V\A n \ 2 + \A^ (2.25) 

and the direction is 

|8 = tan- 1 -^ (2.26) 

A point moving in a curved path always has normal acceleration. 
It has tangential acceleration if the magnitude of the velocity is changing. 
If a point has rectilinear motion, the normal acceleration is always 

72 

"~ R = ~o ~~ 

Angular displacement, velocity, and acceleration are vector quantities. 
There are only two possible directions, clockwise (CW) and counter- 
clockwise (CCW). The signs + and will be used in place of +p> 
and [>. In this book, the counterclockwise direction will be considered 
positive. 

2.5. Simple harmonic motion. When the acceleration of a particle 
having rectilinear motion is always proportional to the distance of the par- 
tide from a fixed point on the path and is directed toward the fixed point , 
the particle is said to have simple harmonic motion. The relationship can 
be expressed by the equation 

A = ^ = -Kx (2.27) 

in which A is the acceleration of the particle moving along the x axis, x 
is the position coordinate, and K is a constant. The negative sign indi- 
cates that the acceleration is to the left when the particle is to the right 
of the origin, and vice versa. 

It is often convenient to consider simple harmonic motion as the 
motion of the projection, on a diameter, of a point moving in a circle 
with constant angular velocity. In Fig. 2.7, point Q moves in a circular 
path with constant angular velocity co, and P is the projection of this 
point on a diameter. The displacement of P from the center is 

x = OP r cos wt (2.28) 

The velocity of point P is 

rfr 

V P = ~ = -rco sin ut (2.29) 

and the acceleration is 

Ap = -jjj = rco 2 cos otf = o> 2 z (2,30) 
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Here w is a constant, and Eq. (2.30) is therefore the same as Eq. (2.27), 
which is the definition of simple harmonic motion. 




Fig. 2.7 



90 180 270 

Crank Angle 9 

Fig. 2.8 



360 



2.6. Scotch yoke. A Scotch-yoke mechanism is shown in Fig. 2.9. 
A comparison of Figs. 2.9 and 2.7 shows that the horizontal slide performs 
simple harmonic motion when crank OQ rotates with constant angular 



Fig. 2.9 

velocity. Equations (2.28), (2.29), and (2.30) are plotted in Fig. 2.8. 
The nature of simple harmonic motion can be visualized by studying 
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Figs. 2.7 and 2.8. When Q is at the extreme right, the velocity of P is 
zero and its acceleration is a maximum to the left. As Q moves through 
the first quadrant, the velocity of P increases. The acceleration con- 
tinues to the left, but at a diminishing rate. When Q has moved through 
90, the velocity of P is a maximum and the acceleration is zero. As Q 
moves through the second quadrant, the velocity of P decreases and the 
acceleration is to the right. 

2.7. Relative motion. The motions previously considered were 
absolute motions. The motions were defined with respect to axes or a 
body considered to be at absolute rest. There is no point in the universe 
that is known to be at absolute rest. For most purposes the earth can 
be considered to be at absolute rest, and in many cases the frame of a 
machine can be considered to be at absolute rest even though it is moving 
with respect to the earth. An investigation of crankshaft failures in 
certain military trucks revealed that the gyroscopic effect of the flywheel 
resulting from the frame movement while operating over rough terrain 
was a contributing factor. This theory is covered in dynamics, and not 
in kinematics. In this book, unless otherwise stated, the frame will be 
at absolute rest. 

The relative motion of a point or body is the motion with respect to 
some other point or body. The two following examples will help to 
clarify the concept of relative motion. 

Example 1 . Consider two automobiles, A and B, having respective velocities 
of 50 and 05 mph relative to the earth, as shown in Fig. 2.10. The velocity of 



VB/A ^ ^ VA/ B 

ISmph ISmph 



Fig. 2.10 

car B relative to car A (written VB/A) is the velocity of car B that would be appar- 
ent to an observer in car A if he thought of himself as being fixed; VB/A would be 
15 mph to the right. The velocity of A relative to B, VA/B, would be the velocity 
of car A that would be apparent to an observer in car B if he considered himself 
fixed. To such an observer, car A would appear to be backing at the rate of 15 
mph. Note that VA/B = VB/A. 
It can be seen that 

VA/B = VA/E > VB/E 

and VB/A - VB/E \> VA/E 

In everyday life, most motions are observed as absolute motions. 
Train passengers are often confused by relative motion. A passenger 
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seated in a train that is in a station may observe that the train on the 
adjacent track is backing. A glance at the platform reveals that the 
adjacent train is stationary and that his train is moving forward. 

Example 2. Consider two ships, A and B, that have absolute velocities repre- 
sented by the vectors VA/S and VB/E, shown in Fig. 2.1 1. An observer on ship B 
thinks of himself as being fixed. Like the train passenger, he can do this by con- 
sidering that the sea is moving backwards with a velocity of VB/E (see Fig. 2.12). 





Fig. 2.11 



Fig. 2.12 




Fig. 2.13 

From the observer's point of view, this assumed motion of the sea, VB/E, also 
carries ship A backwards, with the result that the observed velocity of A relative 
to B is VA/B, as shown. In this example, as in the one above, use was made of the 
important principle, the addition of equal velocities to two bodies does not change the 
relative velocities of the two bodies. 

In a similar manner, the velocity of B relative to A is determined in 
Fig. 2.13. Note again that 

VA/B VA/E D> VB/E 
VB/A = VB/E > VA/E 
and VA/B = -VB/A 
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In vector equations, the terms can be transposed and the subscripts 
reversed if the signs are changed. For example, 

VA/B = VE/A > VB/K 
VA/E = VA/B +\> VB/E 
-VB/B = V A/ E+$> V B/ A 

etc. These equations can be verified by drawing vector diagrams. 

The motion of one body relative to a second body can be defined as 
the motion of the first body minus the motion of the second body, or, 
simply stated, relative motion is the vector difference. If the motion of the 
second body is zero, the motion of the first body relative to the second 
body is the same as the absolute motion of the first body. Absolute 
motion is a special case of relative motion. When a vector symbol has 
only one subscript, for example V ' A , it is under- 
stood that this represents the absolute velocity 
of A. 

In Fig. 2.14, the rigid link AB is pinned to 
the frame at point A. Point B cannot move 
towards or away from A, as this would cause failure 
of the link. An observer attached to link 2 at A 
would not observe any motion of point B as link 2 
rotates. Point A is a double point; it is common 
to both 1 and 2. If an observer is attached to 
link 1 at A, he would observe the motion of B as ^ _ , 

f is 2 14 
link 2 rotates. This is understood when it is 

stated that a point in a rigid body moves relative to another point in the same 
body, but in a direction at right angles to the line joining the two points. 

Leonardo da Vinci understood the concept of relative motion; he 
wrote, "But when the bird finds itself within the wind, it can sustain 
itself above it without beating its wings, because the function which the 
wing performs against the air when the air is motionless is the same as that 
of the air moved against the wings when they are without motion."* 
In wind tunnels, the airplane or model is stationary, and the air is caused 
to move. 

In Art. 1.2, it was stated that kinematics of machines treats of the 
relative motion of machine parts. It is essential that the concept of 
relative motion be understood. 

2.8. Inversion is the making of different mechanisms by fixing 
different links in a kinematic chain. As many mechanisms as there are 
links can be made from a given chain. The slider-crank chain has four 
links, and the four mechanisms made from this chain are shown in Figs. 
2.15 to 2.18. 

* The Notebooks of Leonardo da Vinci, MacCurdy, ed., London: Jonathan Cape, 
Ltd. 
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Fig. 2.15 



Fig. 2.16 





Fig. 2.17 



Fig. 2.18 
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The mechanism shown in Fig. 2.16 was used in the Gnome aircraft 
engine during World War I. The crankshaft was held stationary and the 
crankcase and cylinders rotated. The propeller was attached to the 
crankcase. This inversion is also used for a quick-return mechanism. 

The mechanism shown in Fig. 2.17 is used in toy steam engines, $nd 
in the past has been used in marine engines. The piston of Fig. 2.15 has 
now become an oscillating cylinder. As crank 2 rotates, the piston slides 
in the cylinder and causes it to oscillate. This oscillatory motion of the 
cylinder is used to open and close steam ports, thus making a separate 
valve mechanism unnecessary. 

The fourth inversion, shown in Fig. 2.18, is used for a pump. 

2.9. Inversion and relative motion. A slider-crank chain is shown 
iu Fig. 1.13. When the crank is moved from position X to 2 , measured 
from the center line through the crank bearing and the wrist pin, the 
slider moves along this center line from position C to C". This will 
always be true, regardless of which link is fixed. The motion of a point 
or link in a kinematic chain relative to some other point or link in the 
same chain is a property of the chain, and not of the mechanism. It 
does not matter which link is fixed. Inversion has no effect upon relative 
motion. This law will be used throughout the book. 

2.10. Methods of transmitting motion. The four methods of 
transmitting motions are: (1) direct contact, Fig. 2.19; (2) intermediate 
rigid link, Fig. 2.20; (3) flexible connector, Fig. 2.21; (4) nonmaterial 
connectors, such as magnetic forces. The latter will not be considered 
in this book. 

The driver is the link that receives motion from an external source. 
The driver imparts motion to the follower. In Fig. 2.19, the driver, link 
2, rotates in a counterclockwise direction and imparts clockwise rotation 
to the follower, link 4. Link 4 could be the driver in a counterclockwise 
direction. 

In Fig. 2.20, either link 2 or 4 can be the driver in either direction. 
The driver imparts motion to the follower through the intermediate rigid 
link 3. Link 3 can act in either tension or compression. The link con- 
necting the driver and follower of a four-bar linkage is called the coupler. 

Either pulley in Fig. 2.21 can be the driver in either direction. The 
driver imparts motion to the follower through the flexible belt 3. One 
side of the belt is always in tension. 

2.11. Line of transmission. The driver imparts motion to the 
follower along the line of transmission. In Fig. 2.20, the line of trans- 
mission lies along link 3. Link 3 is pin-connected at P 2 and F 4 . It can 
transmit motion and force only in tension and compression. 

In Fig. 2.21, the line of transmission lies along the tension side of the 
belt. The belt is flexible, and can therefore transmit motion or force 
only along the centerline of the tension side. 
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In Fig. 2.19, the driver imparts motion to the follower along the 
common normal to the surfaces at the point of contact. The common 
normal and the line of transmission are the same line. The point of 
contact is a double point; it is designated P 2 , a point in link 2, and P 4 , 
a point in link 4. The center of rotation of 2 relative to 1 is designated 
02i, a point common to 2 and 1. The center of rotation of 4 relative to 
1 is designated 4 i. Let the vector P 2 / 2 , perpendicular to 2 iP 2 , repre- 
sent the velocity of point P 2 . Then P 2 /2 2 is resolved into two components, 
P 2 Q along the common normal, and P 2 $ 2 along the common tangent; 



Common Normol 




Fig. 2.19 

P 2 Q along the common normal is the driving component and P 2 $ 2 is the 
sliding component. The velocity of P* must be perpendicular to the 
line 4 iP 4 . It is represented by P 4 /? 4 . The component of P 4 /2 4 along 
the common normal must equal P 2 Q. If the component is greater, link 4 
will leave contact with link 2. If the component is less, one of the links 
must bend or break. The driving component P 2 Q then determines the 
length of vector P 4 # 4 . The sliding component P 4 4 is then obtained. 
The vector difference of P 2 S 2 and P 4 $ 4 represents the velocity of sliding 
of P 2 and P 4 due to the motion of both links. 

2.12. Angular velocity ratio theorem. The angular velocities of 
driver and follower are inversely as the segments on the line of centers cut 
by the line of transmission or inversely as the perpendiculars from the centers 
to the line of transmission. 
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Referring to Fig. 2.19, the theorem is expressed by the equation 

2! = glig = gl| (2.31) 

The proof that follows is from Fig. 2.19. 



V P 2 2 

= R = P70T, and 



^ } 



Triangles QRJ** and A: 2 P 2 2 i are similar since their sides are mutually 
perpendicular. From these triangles 



L 2^21 'y 2 i/t" 2 
From similar triangles QR^P^ and /c 4 P 4 4 i 



P 4 4 i 41 A: 4 
Dividing Eq. (2.33) by (2.34) gives 



(2.34) 



P 2 21 P 4 # 4 21 A- 2 ~ P 4 Q 
Substituting Eq. (2.35) in (2.32) gives 

Q) 2 U 4 i/C 4 

From similar triangles O^ik^M and Oi\kM , 



2 i& 2 Oiii\f 

TT co 2 4 i^/ 

Hence = ^ ^ 

co 4 U^\M 

It is convenient to determine the angular-velocity ratio by drawing 
the common normal. When the intersection of the common normal and 
the line of centers lies off the paper, the perpendiculars can be used. 

The notation in Fig. 2.20 is similar to that in Fig. 2.19. The same 
proof applies in this case. 

The proof of the angular-velocity ratio theorem for Fig. 2.21 is simpler 
than that for the two previous cases, but is not so general. Let pulley 
2 be the driver and V be the velocity of the belt. 

P Z Q" = V = rco 2 and P 4 Q' - V = Ru* 
Eliminating V from these two equations gives 

^2 = R 
WA 7* 
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where R and r are perpendiculars from the centers of rotation to the line 
of transmission. Triangles MOtf* and MO^iPz are similar; hence 

R OnM 



Therefore 



C02 



CO 4 ~~ 2 i M 




Fig. 2.20 




Fig. 2.21 

2.13. Constant angular-velocity ratio. The center distance 
4 i0 2 i is fixed. It follows that, for constant angular-velocity ratio of 
driver and follower, the line of transmission must cut the line of centers at a 
fixed point. 

2.14. Directional relationship of driver and follower. In Fig. 
2.19, the line of transmission cuts the line of centers between the centers, 
arid links 2 and 4 rotate in opposite directions. In Fig. 2.20, the line of 
transmission cuts the line of centers outside of the centers, and links 2 
and 4 rotate in the same direction. This is always true. It can be 
stated that when the line of transmission cuts the line of centers between the 
centers the driver and follower rotate in opposite directions; when the line 
of transmission cuts the line of centers outside of the centers the driver and 
follower rotate in the same direction. 
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2.15. Dead-center phase. In Fig. 2.22, link 2 is the driver. The 
line of transmission passes through the center of rotation of the follower. 
It can be seen that link 2 cannot drive 4. Link 2 merely subjects link 4 
to compression. For dead-center phases, the angular-velocity ratio of 
follower to driver from Eq. (2.31) is 
infinity. In Fig. 2.23, a slider-crank 
mechanism is shown in top dead-center 
or head-end dead-center phase. A 
force applied to the piston will not cause 
rotation of the follower, link 2, because 
the line of transmission lies along link 
3, which is collinear with the follower 
and passes through center 2 i. A fly- 
wheel is necessary in engines to carry 
the links through the dead phases. The two slider-crank mechanisms of 
a steam locomotive are arranged with the cranks at 90 to each other so 
that both cannot be in dead phases at the same time. Sometimes failure 
occurs and the locomotive must operate with one cylinder. When this 




Fig. 2.22 



Force 



//////// 




Fig. 2.23 

happens the engineer must not stop the locomotive with the working 
cylinder on a dead phase, otherwise he would not be able to start again. 

When the slider-crank mechanism is used for a compressor or pump, 
the crank is the driver, and there are no dead phases. 

In Fig. 2.19, it can be seen that 2, when rotating clockwise, will not 
drive 4. For positive driving, the component of motion of the driver 
along the common normal must be directed toward the follower. 

It can be stated that for positive driving the line of transmission must 
not pass through the center of rotation of the follower, and the motion of the 
driver along the common normal must be directed toward the follower. 

2.16. Rolling contact. The direct-contact mechanism shown in 
Fig. 2.24 has contact on the line of centers for the phase shown. Let 
link 2 be the driver, and let the velocity of point P 2 be represented by the 
vector P 2 /2 2 . The driving component along the common normal is P 2 Q, 
and the sliding component is P 2 /S 2 . The velocity of P 4 is P 4 J? 4 . It will 
be equal to P 2 J? 2 since they coincide, and their components along the 
common normal must be equal. The sliding components P^S^ and Pfit 
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are equal. The velocity of sliding is the vector difference of P 2 $2 and 
P 4 4 . Since these vectors are equal, the sliding is zero. 

When the point of contact is not on the line of centers, as shown in 
Fig. 2.19, vectors PiR* and P^R* do not coincide and the vector difference 
of P2$2 an d P4$4 is not zero. Sliding exists. It can be stated that, in 
direct-contact mechanisms, pure rolling exists when the point of contact lies 
on the line of centers. 

In Fig. 2.24, the line of transmission cuts the line of centers at the 
point of contact. The contact radii are equal to the segments into which 




Fig. 2.24 

the line of transmission cuts the line of centers. It can be stated that 
the angular velocity ratio of driver and follower of mechanisms having rolling 
contact is inversely proportional to the contact radii. 

2.17. Huckert's theorem.* The nature of motion transfer can be 
summarized in a theorem: The transfer of motion from one rigid body to 
another in a mechanism fulfills the necessary and sufficient conditions for 
turning when the relative displacement of the coincident particles is con- 
tinuously zero; for rolling when the relative displacement is not zero and 
normal to the profiles at the point of contact; and for sliding when the relative 
displacement is not zero and along the tangent to the profiles at the point of 
contact. 

Any motion transfer that is not defined by one of these conditions is 
then a combination. 

Turning and sliding are evident. Rolling will be illustrated with the 
cycloid. In Fig. 2.25, cylinder 2 is placed between flat surfaces 1 and 
3. When 3 is moved horizontally, 2 rolls between 1 and 3. A point / J/ 2 , 
on 2, will trace a cycloid on member 1, and P' 2 will contact 1 at the coin- 
cident point PiP*. This is a cusp in the cycloid. The two branches have 

* Professor Jesse Huckert, The Ohio State University. 
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a common vertical tangent. The relative velocity of P 2 to PI is actually 
zero at the point of contact; the relative displacement changes from 
approach to recess. Points P 2 and PI 
come together and then move apart with 
relative motion along the common nor- 
mal. All points on the roller make con- 
tact in this manner. Bridge rollers, 
rockers, and other devices having slow 
rolling contact and large loads are subject 
to fretting corrosion. A fine iron oxide 
powder appears. The theory is that con- 
tacting particles weld together and are 
pulled out of their parent members. The nature of rolling contact is 
consistent with this theory. 




Fig. 2.25 



PROBLEMS 

2.1. A drag link mechanism is shown in Fig. P 2.1. The links are propor- 
tioned so that b can rotate continuously and pull d continuously but with a vari- 
able angular velocity. In order that there be no dead-center phase it is necessary 
that b + c > a + d and c + d > b + a. Show that this leads to the additional 
relationship c > a. 





Fig. P 2.1 Fig. P 2.2 

2.2. In Fig. P 2.2, link 6 is to rotate continuously, and d is to oscillate. Deter- 
mine the theoretical maximum and minimum lengths for coupler c. Why, in 
practice, should the length be greater than the minimum and less than the 
maximum? 

2.3. The Scott-Russell straight-line mechanism is shown in Fig. P 2.3. Here 
OC = CB = DC, and DCB is a rigid link. Show that D moves in a straight line 
that passes through and is perpendicular to OB. 
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Fig. P 2.3 (above) 
Fig. P 2.4 (right) 




2.4. The Watt straight-line mechanism is shown in Fig. P 2.4. When the 
proportions are CP/BP = OB/CD a portion of the path of P is very nearly 
straight. Plot the path of P using 15 intervals and the limiting positions for link 
CD. One limiting position is shown dotted. CD = 3,} in. 

2.5. A steel cylinder 10 in. in diameter is to be machined in a lathe. The 
cutting speed is to be 95 fpm. Determine the required speed of rotation in rpm. 

2.6. An automobile wheel 28 in. in diameter is rotating at 550 rpm. Deter- 
mine the speed of the automobile in (a) mph, (b) fps, and (c) the angular speed of 
the wheel in radians per sec. 

2.7. The relative velocity of two points lying on a radial line of a revolving 
disk is 40 fps. The points are 4 in. apart. Determine the rpm of the disk. 

2.8. An automobile starts from rest and accelerates at the rate of 5 fps 2 until 
a speed of 60 mph is attained. Determine the time in seconds and the distance 
traveled in feet. 

2.9. A body starts from rest and accelerates uniformly for a distance of 4 
ft and then decelerates uniformly for a distance of 2 ft and comes to rest. The 
total time is 4 sec. Determine the maximum (a) acceleration, (b) deceleration, 
(c) velocity. 

2.10. Same as Prob. 2.9 except there is an additional travel of 2 ft at uniform 
velocity between the acceleration and deceleration periods. 

2.11. A gasoline engine is started from rest and attains a speed of 3000 rpm in 
5 sec. Assuming that the angular acceleration is constant determine (a) the 
angular acceleration of the crankshaft in radians per second squared (b) the num- 
ber of revolutions made in coming up to speed. 

2.12. A wheel 32 in. in diameter is turning with a speed of 420 rpm and is 
accelerating at the rate of 20 rps 2 . Determine in feet and seconds: (a) the tan- 
gential acceleration of a point on the rim, (b) the normal acceleration, (c) the 
total acceleration. 
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2.13. A Scotch-yoke mechanism is shown in Fig. P 2.13. Let 6 = 60, 
R = 11 in., and the speed of the crank be 175 rpm. Determine the velocity and 
acceleration of slider 3. 

2.14. Referring to Fig. P 2.13, let the stroke of the slider 3 be 18 in. and the 
time for one stroke be 0.06 sec. Determine (a) the rpm of the crank, (b) the 
maximum velocity of the slider, (c) the maximum acceleration. 





Fig. P 2.13 Fig. P 2.16 

2.15. Measurements taken with a vibration meter show that a body is 
vibrating with harmonic motion at a frequency of 370 cycles per minute with a 
maximum acceleration of 260 in. per sec 2 . Determine (a) amplitude of vibration, 
(b) maximum velocity. 

2.16. Two wheels that roll together are shown in Fig. P 2.16. Let R = 9 in., 
o; 2 = 250 rpm, 2 = 75 radians per sec 2 . Determine A n B , A* B , A B , A%, AC, Ac, 
AC/B- 

2.17. Same as Prob. 2.16 except o> 2 = 340 rpm, 2 = 125 radians per sec 2 , 
R = 10 in., and D, located midway between B and 2 , is used instead of B. 

2.18. In Fig. P 2.18, frame 2 moves to the left with a velocity of 40 mph. 
Wheels 4 and 3 are 72 in. and 42 in. in diameter, respectively. Determine the 
velocities Fo 4 , VB/OU VB, VB/C, o) 4 , o> 3 , 0)4/3, 0)3/4. 





Fig. P 2.19 Fig. P 2.20 

2.19. In Fig. P 2.19, o> 2 = 175 rpm. Determine the angular velocity of 
member 3 in rpm and the velocity of sliding at the point of contact in fps. 

2.20. In Fig. P 2.20, co 2 = 150 rpm CCW. Determine the angular velocity 
of member 4 in rpm. 

2.21. Same as Prob. 2.20 except determine the angular velocity of link 3. 
(Hint: Use inversion, fix 2, and give proper o) to member 1; determine 0)3/2, then 
absolute value of 0)3.) 



CHAPTER 3 

Velocities in Mechanisms 
Instant Centers and Resolution 



3.1. Introductory. There are two reasons why it is often necessary 
to make a velocity analysis: (1) The velocity analysis is used to deter- 
mine cutting speeds in machine tools, to determine kinetic energy of 
parts that are designed to do work by virtue of their kinetic energy, to 
determine flow rates of fluids in machines such as engines and pumps, to 
determine load-carrying capacities of parts having film lubrication, etc. 
(2) The velocity analysis is a necessary step in making an acceleration 
analysis. 

The illustrative examples that follow were chosen to represent the 
types of problems that are encountered in practice. The mechanisms 
are drawn in the simplest manner so that attention can be focused on 
the application of basic concepts to achieve the desired analysis. 

3.2. Instant centers. An axis of rotation is an axis about which 
one body rotates relative to another body. In Fig. 3.1, member 2 rotates 
relative to member 1 about the axis 0% i. This notation was first used 
in Art. 2.11. It can be written 2 i or O i2 . In plane motion, the motions 
of all points in a line perpendicular to the plane of motion are equal. 
It is not necessary to consider the thickness of the body; a study of the 
motion can be confined to one plane. The axis of rotation is often called 
the center of rotation. 

An instant center of velocity is the point about which one body rotates 
relative to another for the particular phase being considered. It is a double 
point. The bodies have no linear velocity relative to each other at this point. 
At this point the two bodies have the same linear velocity relative to any other 
body. 

Instant centers are of three types: fixed, permanent, and of a nature 
that is neither fixed nor permanent. These three types of centers occur 
in Fig. 3.5. Center 0\ is a fixed instant center. It remains in the same 
place for all phases. Center O 34 .is the center about which link 3 rotates 
relative to 4 for the phase shown. This center moves when the mecha- 
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nism moves, but the joint is of a permanent nature; 34 is a permanent 
instant center. It will be shown later that 3 i is the point about which 
3 rotates relative to 1 for the phase shown. Links 3 and 1 have no 
material connection at this point, and the location of the point varies 
for each phase. Center 3 i is an instant center that is neither fixed nor 
permanent. 





Fig. 3.1 



Fig. 3.2 





Fig. 3.3 Fig. 3.4 

In Fig. 3.1, let V A be the velocity of point A. From Art. 2.7 and 
Eq. (2.8) it is known that the direction of the velocity of any point in 2 
relative to 2 i is perpendicular to the line joining the point and 2 i. 
The magnitude is V = /2 2 . The value of co 2 is the same for all points 
in the body; the velocity of any point in 2 is therefore proportional to 
R, the radius of the circular path described by the point. The velocity 
of point B can be determined graphically as follows. A gage line is 
drawn through the center of rotation O 2 i and the terminus of the known 
velocity vector V A . An arc of radius 2 iB is drawn locating B '.. The 
velocity of point B' is V B '. When this vector is rotated back to B it 
becomes V B ; V G is determined in the same manner. 
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If the directions of the velocities of two points in a body relative to a 
second body are known, the center of rotation can be determined. In 
Fig. 3.2, VA and V B are the known velocities of points A and 5, respec- 
tively, relative to a fixed body 1. Perpendiculars erected to the vectors 
at A and B intersect at the instant center of rotation 2 i. 

In Fig. 3.3, perpendiculars erected to the known velocity directions 
at A and B are parallel. The center of rotation of 1 and 2 is at infinity. 
Member 2 must therefore have translation relative to member 1. If 2 
is a rigid body, VA and V B must be equal. 

In Fig. 3.4, perpendiculars erected to the known velocity directions 
at A and B are collinear. The location of the center cannot be deter- 
mined unless the magnitudes of the velocities are known. If they are 
known, a gage line, as shown, can be drawn, locating center 2 i. 

3.3. Instant centers in mechanisms. A four-bar linkage is shown 
in Fig. 3.5. Points 0\ and 2 i are fixed centers, and points 34 and 23 




Fig. 3.5 

are permanent centers. The direction of motion of 23 relative to 1, 
considered as a point in 2, is perpendicular to 23 2 i. Point 23 is also 
a point in 3; hence V 0ii is also the velocity of point 23 relative to 1, 
considered as a point in 3. In a similar manner, Vo 34 is the velocity 
relative to 1 of point 34 , considered as a point in 3. The directions of 
motion of two points in 3 relative to 1 are known. The instant center 
On is located at the intersection of perpendiculars to these known veloci- 
ties. Links 1 and 3 do not extend to include this point. If they did, 
it could be observed that links 1 and 3 have only relative rotation at this 
point. 

Inversion does not affect relative motion (Art. 2.9). Only relative 
motions are being considered. Link 1 can be released and link 4 fixed, 
as shown in Fig. 3.6. The direction of Fo 21 is the direction of motion of 
point 02i, considered as a point in both 1 and 2, relative to 4. The 
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direction of Vo ta is the direction of motion of point 6)23, considered as a 
point in both 2 and 3, relative to 4. The directions of motion of two 
points in 2 relative to 4 are known. The instant center of rotation 24 
is located by drawing perpendiculars to these directions. 




Fig. 3.6 

The number of instant centers* in a mechanism is 

n(n 1) 



(3.1) 



where n is the number of links. Locating the instant centers of a complex 
mechanism by the above method is tedious. A shorter method will be 
developed in the following articles. 

3.4. Kennedy's theorem. // three bodies have plane motion their 
instant centers lie on a straight line. This theorem will be proved by 
showing that the third center cannot 
lie off the line passing through the 
other two, and then showing that it 
can lie on this line. In Fig. 3.7, cen- 
ter 2 i is the instant center of 2 and 
1, and 3 i is the instant center of 3 
and 1. Center 023 is assumed to lie 
off the line passing through 3 i and 
02i, as shown. The velocity of point 
2 3 as a point in 3 is perpendicular 
to 03i023- The velocity of point 
23 as a point in 2 is perpendicular 
to 023021. These two velocities do 
not coincide. At this point, mem- 
ber 2 has linear velocity relative to member 3. This is contrary to 

* The number of pairs of links (or the number of instant centers) is the number of 
combinations of n links taken two at a time, which is 




Fig. 3.7 



n\ 
2!(n - 2)! 



n(n - 1) 
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the definition of an instant center. In Fig. 3.8, center 23 is assumed 

to lie on the line 3 i# 23 . In this 
case the velocity of 23 as a point in 
3 coincides with the velocity of 23 
as a point in 2. There is no relative 
linear velocity between the parts of 
this double point. The exact loca- 
tion of 2 3 on the line depends on 
the directions and magnitudes of the 
angular velocities of 2 and 3 relative 
to 1. 

In Fig. 3.6, note that the instant 
centers of 1, 3, and 4 (0 4 i, 34 , Osi) lie 
on a line, the instant centers of 3, 2, 
and 4 (0 3 4, 23 , 24 ) lie on a line, etc. 
3.5. Direct-contact mechanisms. In Fig. 3.9, the point of con- 
tact of 2 and 4 is the double point PJP*. The velocity of P 2 relative to 
the frame is the velocity vector P 2 /? 2 , and the velocity of P 4 relative to 
the frame is P 4 /? 4 (see Fig. 2.19). The only velocity that P 4 can have 
relative to P 2 is sliding along the common tangent. The velocity of slid- 
ing of P 4 on P 2 is FPI/PJ. The center of rotation of 2 and 4 lies on the 




Fig. 3.8 




Fig. 3.9 

perpendicular (the common normal) through the origin of this vector. 
The velocity of sliding Fp,/p 4 is equal and opposite to Fp 4 /p s . This is 
not an independent vector, but just another way of stating what is 
already known. Additional information can be obtained from Kennedy's 
theorem. It is known that center 24 lies on a line through 4i and 2i . 
The intersection of this line with the common normal locates center 24 . 
3.6. Linear velocities. If the linear velocity of any point in a 
mechanism relative to the fixed member is known, the velocity of any 
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other point in the mechanism relative to the fixed member can be deter- 
mined by the use of instant centers. In Fig. 3.10, Fo M is the known 
velocity of 023 considered as a point in 2. The velocity of 34 as a point 
in 4 can be determined as follows. Using 2 i as a center, rotate vector 
Fo l8 to the position B on the line of centers. This vector is indicated as 
Fo 28 . It should be remembered that if link 2 is extended to include B, 
then Fo 23 would be the velocity of this point in link 2. A gage line through 
the center 2 i and the terminus of vector V' 0z3 is used to determine the 
velocity of point 024 considered as a point in 2. Point 24 is also a 
point in 4. A gage line through center 4 i and the terminus of Fo 24 can 
be used to determine the velocity of any other point in member 4. 
Using 4 i as a center, an arc from 34 is drawn to C on the line of centers. 




024 



Fig. 3.10 

Velocity V' 0t4 is the velocity of point C as a point in 4; V' 0u is rotated to 
position Fo 34 , giving the desired vector. 

In the above example, 24 was used as a transfer point. It was used 
to transfer from the known member 2 to the unknown, 4. This method 
is general. From Kennedy's theorem, the centers of rotation of known 
and unknown members and their common center or transfer point lie on 
a line. 

The above example could have been solved in another manner, as 
shown in Fig. 3.11. Points 23 and 34 are both in member 3. The 
velocity of 23 as a point in 3 relative to 1 is known. A gage line through 
3 i and the terminus of Fo 23 can be used to determine the velocity of any 
other point in member 3. Fo 34 is determined as shown. 

If Vo Z3 is given, and it is desired to determine the velocity Vp, then 
Fo 84 must be determined first; then a gage line through 4 i and the 
terminus of Fo 84 is used to determine Fp. By the method used in Fig. 
3.10, V P can be found without first determining Fo 34 . 

If the velocity of one point in a mechanism relative to some other 
point in the mechanism is desired, tfye absolute velocities are determined 
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first. These are used to determine the relative velocity, as explained 
in Art. 2.7. 




3.7. Parallel line construction. A four-bar linkage is shown in 
Fig. 3.12. The velocities of D and C are to be determined from the 




Fig. 3.12 

known velocity of B. Assume that 2 4 and 3 i lie off the paper and are 
not available for making constructions. The desired velocities can be 
determined as follows. Lay off BE' equal to V B along the line 2 i# 
which passes through the center. 3 i. Construct B'C'D' by drawing 
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lines parallel to the sides of link BCD. Then GC f is equal to \Vc\] the 
direction of V c is perpendicular to CC'. This construction can be proved 
as follows. Draw CB" parallel to BB' . Triangles O^BC and CB"C' 
are similar. The velocities of points in a rotating body are proportional 
to their distances from the center of rotation ; hence 



Vc 31 C CC' CC' 

Since BB' was made equal to \V B \, CC' is equal to \V C ', and V D is deter- 
mined in a similar way. 

The parallel line construction is used for determining the velocities 
of points in a link from the known velocity of a point in the same link. 

3.8. Angular velocities. Angular velocities can be determined from 
linear velocities, and vice versa. If, in Fig. 3.10, co 2 is known, V 0zs can 
be determined from the equation 

and Fo, 4 is determined by one of the methods of the previous articles. 
Then co 4 is 

V Vo,< 



C0 4 = ^5 = 



R 4 i0 34 

A more direct method of obtaining co 4 from o> 2 is to use 024 as a trans- 
fer point. The term Fo 24 is a velocity of points in 2 and 4. 

M _ Y. - _L^ M - JL_ 

Wi ~ R ~ 21 24 ' 4 ~ 4 i0 24 
Dividing the second equation by the first gives 



or co 4 = co 2 



C02 " 4 l0 24 VoJ ~ 41 24 

2 i0 24 



41 2 



In the same manner, co 3 can be determined from co 2 (see Fig. 3.11). 
Here Fo 28 is the velocity of points in 2 and 3 ; co 2 and the centers of rota- 
tion 2 i and 3 i are known; hence 

21 23 
403 = W2 n n 

C/ 3 iC/23 

Equation (3.2) can be stated as a theorem: The angular velocities of 
two members are inversely proportional to the distances from the centers of 
rotation of the two members to their instant center (the third center located 
by Kennedy's theorem). 

Compare Fig. 3.9 with Fig. 2.19. Note that point M in Fig. 2.19 
corresponds to 24 in Fig. 3.9. Make the same comparison with Fig. 3.10 
and Fig. 2.20. It is always true that the intersection of the line of centers 
and the common normal of driver and follower is the instant center of 
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driver and follower. The above theorem is equivalent to the angular 
velocity theorem of Art. 2.12. 

3.9. Obvious centers. In order to locate instant centers, using 
Kennedy's theorem, it is first necessary to locate all the obvious centers. 
If these are not located, some of the others cannot be found. In direct- 
contact mechanisms such as Fig. 3.9, the intersection of the common 
normal with the line of centers of driver and follower should be recog- 
nized as an instant center. The mechanism shown in Fig. 3.13 is of 
no practical value, but is shown because it includes all other types of 
obvious centers. Wheel 4 rolls on track 1 ; it pushes the slider 2 on the 




Fig. 3.13 

horizontal surface of 1, and pulls slider 6 in the curved slot in 1. All 
centers shown are obvious and must be indicated before Kennedy's 
theorem can be applied for locating the other centers. The pin connec- 
tions in the sliders are 2 3 and 6 5. Members 3, 4, and 5 are pinned at 
one point. Centers 34 , 054, and 35 are located here. Wheel 4 rolls 
on the track without sliding. At the point of contact the wheel and 
track have no relative linear motion. This point is therefore the instant 
center OH. If block 6 is extended, as shown by broken lines, and pinned 
to 1 at the center of curvature of the slot, block 6 will have the same 
motion that it has when moving in the guide. Point 6 i is the instant 
center of 6 and 1. Block 2 has rectilinear motion relative to 1. The 
center of curvature of the path of 2 relative to 1 is at infinity. Point 
0i2 is therefore at infinity (see Fig. 3.3). 

Example 1. Locate all the instant centers for the mechanism shown in Fig. 
3.14. The number of instant centers is 



n(n - 1) 4(4 - 1) 



= 6 



The obvious centers 34 , 023, 2 i, and 4 i are located first. From Kennedy's 
theorem it is known that 3 i lies on a line through 2 i and 32 . It also lies on a 
line through 4 i and 34 . It therefore lies at the intersection of these two lines. 
Center 24 will be located at the intersection of lines 034023 and 4 i0 2 i. Line 
04i02i is at infinity. Point 24 therefore lies on line 34 2 3 at infinity. 
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Fig. 3.14 

Example 2. A steam-locomotive mechanism is shown in Fig. 3.15. Thi 
motion of the frame relative to the track will be considered. The number of 
instant centers is 

3(6 - 1) lg 
2 - 15 

When a mechanism has a large number of instant centers, some simple method 
of recording them is desirable. One method is shown in Fig. 3.16. Points with 
numbers corresponding to the links are located in a circular arrangement. When 




Fig. 3.15 
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a center is located on the mechanism, a line is drawn joining the corresponding 
points in Fig. 3.16. Point 023 is an obvious center. It is indicated on the mech- 
anism, and then a line is drawn from 2 to 3 in Fig. 3.16. The other obvious 
centers are located and recorded with solid lines. 

The broken lines in Fig. 3.16 represent the centers that are located with 
the use of Kennedy's theorem. There is no definite order for locating these 
points. Point 0^ can be located next. In Fig. 3.16, solid lines exist from 2 
to 3 and 2 to 4. A line through these available centers 23 and 2 i contains 
34 . A solid line connects 1 and 3 but not 1 and 4. Center 4 i is not yet 
known. This condition exists at point 6. From point 5, solid lines extend to 
3 and 4. These centers are available, and a line through 3 s and 45 can be 
drawn and 3 4 located. A solid line is now drawn from 3 to 4, indicating that 
034 is available for use in determining other centers. The remaining centers 
are located in a similar manner. 

Assume that the velocity of the locomotive is known. It is desired to 
determine the velocity of point B in wheel 2 relative to the track. The velocity 
of frame 3 is that of the locomotive. This known velocity is laid off as VA 
at point A on the frame. This is also a point in 6. Point 026 is used as a 
transfer point to obtain the velocity of B in 2. The velocity V A could have 
been laid off at 023, thus obtaining the velocity of a point in 2 directly. 

3.10. Linear velocities by resolution. In Art. 1.13, it was shown 
that the displacement of a body having plane motion can be considered 
separate rotational and translational displacements. It was stated that 
the motion at any instant can be considered a combination of rotation 
and translation relative to some point. This will now be shown. In 
Fig. 3.17, body 2 has rotation o> 2 about instant center 2 i. This com- 
pletely defines the motion of 2 relative to 1 for the instant shown. The 
velocity of B is VB. 

If a point in 1 other than 2 i is chosen for the reference point, the 
motion must be specified as a rotation with angular velocity o> 2 about the 
new point, plus a translation. A translation component can be assumed 
and the new reference point determined, or a reference point can be 
chosen and the translation determined. The first case will be considered 
first. 

If an arbitrary translational velocity is added to body 2, the linear 
velocity of every point in the body relative to 1 will be changed, but co 2 , 
the relative angular velocity of the bodies, will not be changed since no 
angular velocity is added. A translational velocity Vs(f) is added to 
the body. The velocity of B relative to 1 is now V B (r), the vector sum 
of VB() and Vs. The new instant center will lie on a perpendicular at 
the origin of vector Vn(r). Since w 2 is unchanged, the location of this 
center can be calculated from the equation 



or can be obtained graphically by making 0' equal to 6. The double point 
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Z>iD 2 is the instant center. If body 2 is now given translation V Dt / Dl , 
equal but opposite to VB((), the instantaneous motion will be restored to 
its original state. The original motion can therefore be specified as a 
rotation co2 about DI and a translation V Dz / Dl . 

The second case will now be considered. In Fig. 3.18, the motion of 
body 2 is co 2 about 2 i. The point DiD 2 is arbitrarily chosen as a refer- 
ence point. The velocity V Dt / Dl is determined from the gage line as 
shown. The instantaneous velocity of 2 relative to 1 can be specified as 
rotation co 2 about DI and translation V D2 / Dl . 





Fig. 3.17 



Fig. 3.18 



In the resolution method for determining linear velocities, it is con- 
venient to use a particular reference point. Link BC is shown in Fig. 
3.19. The velocity of B is known and the direction of Vc is known. The 
instant center of the link 2 i can be located as shown. The reference 
point DI that is used in the resolution method can be determined by 
drawing a perpendicular from the center 2i to the line joining the points 
of known velocity and known velocity direction. The translation com- 
ponent V D2/Dl can be determined from gage line [1] as shown, and V Dt / Dl 
lies along line BC. This is why DI was so chosen. All points in link 2 
have this translation component. In the resolution method, all the 
instant centers are not available. The reference point is obtained in a 
different manner. The translation component V B (t) is obtained by 
drawing EF perpendicular to BC. Then V c (t), the translation com- 
ponent of Vc, is equal to Va(t). The perpendicular at the terminus of 
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Vc(t) determines the magnitude of V c . The rotational components 
V B (r) and Vc(r) are determined by completing the rectangles as shown. 
Gage line [2] through the termini of V B (r) and Vc(r) locates the reference 
point DiDz. 
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Fig. 3.19 



Example 3. A four-bar linkage is shown in Fig. 3.20. The velocity of B is 
known, and it is desired to determine the velocities of C and E. The translational 
component Vu(t) along line BC is determined by drawing a perpendicular from the 
terminus of V B to line BC. Velocity Vc(t) is equal to V s (t). The direction of 
Vc is perpendicular to (70 2 i. A perpendicular to BC at the terminus of Vc(t) 



V B (r) 




Fig. 3.20 

determines the magnitude of Vc. The center of rotation D is determined from 
the gage line through the termini of V B (r) and Vc(r). Then V K (r), the rotational 
component of E, is determined from this gage line. The translational component 
V E (t) is equal to V B (t), and V E is the vector sum of V E (r) and Vs(t). 

Example 4- In Fig. 3.21, the velocity V B2 is known, and the velocities of D 
and E are desired. The component of VB Z that lies along the common normal of 
2 and 4 (see Fig. 2.19) is 7* 4 . The translational component along 4 C, obtained 
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by drawing a perpendicular from the terminus of Vs 4 to BC, is zero. This results 
from the fact that the instant center On and the reference point D\ coincide (see 
Fig. 3.19). The value of Vc is determined from the gage line as shown. The 
translational component of Vc along link 5 is Vc(t)5. The translational corn- 




Fig. 3.21 

ponent of D, velocity Fi>(0, is equal to Vc(t)5. The resultant velocity of D is 
horizontal. It is determined from the known component Vd(t). Velocity 
Vc(t)7 is the translational component of Vc along link CE, and VE is determined 
from the component F#(0- 



PROBLEMS 

3.1. Locate all the instant centers for the mechanism shown in Fig. P 3.1. 

3.2. Locate all the instant centers for the mechanism shown in Fig. P 3.2. 





Fig. P 3.1 



Fig. P 3.2 
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3.3. Locate all the 
instant centers for the 
mechanism shown in 
Fig. P 3.3. 

3.4. Locate all the 
instant centers for the 
mechanism shown in 
Fig. P 3.4. 




Fig. P 3.4 



Fig. P 3.3 

3.5. Locate all the instant centers for the mechanism shown in Fig. P 3.5. 

3.6. Locate all the instant centers for the mechanism shown in Fig. P 3.6. 





Fig. P 3.5 



Fig. P 3.6 





Bb,ft 



Fig. P 3.7 Fig. P 3.8 

3.7. Locate all the instant centers for the mechanism shown in Fig. P 3.7. 

3.8. Locate all the instant centers for the mechanism shown in Fig. P 3.8. 
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3.9. In Fig. P 3.1, let VB be represented by a vector 1 in. long. Determine 
the vectors VD and Vc. 

3.10. In Fig. P 3.2, let VB be represented by a vector 1 in. long. Determine 
the vectors VD and Vc. 

3.11. In Fig. P 3.3, let VB Z be represented by a vector 1 in. long. Determine 
the vector Vc. 

3.12. In Fig. P 3.4, let VB be represented by a vector 1 in. long. Determine 
the vector Vc. 

3.13. In Fig. P 3.5, let VB be represented by a vector 1 in. long. Determine 
the vector Vc. 

3.14. In Fig. P 3.6, let VB be represented by a vector 1 in. long. Determine 
the vector Vc. 

3.15. In Fig. P 3.7, let VB be represented by a vector 1 in. long. Determine 
the vector VE. 

3.16. In Fig. P 3.8, let F/? 2 be represented by a vector 1 in. long. Determine 
the vectors Vc, VE, and VD. 

3.17. In Fig. P 3.1, let co 2 = 150 rpm. Determine cua. 

3.18. In Fig. P 3.2, let V B = 20 fps. Determine w 3 . 

3.19. In Fig. P 3.3, let co 2 = 250 rpm. Determine w a . 

3.20. In Fig. P 3.4, let co 2 = 75 rpm. Determine co 3 and co 4 . 

3.21. In Fig. P 3.5, let co 4 = 100 rpm. Determine o> 2 and co 3 . 

3.22. In Fig. P 3.6, let V R = 30 fps. Determine w 8 . 

3.23. In Fig. P 3.7, let o> 2 = 80 rpm. Determine o> 3 , o> 4 , co 5 , and co 6 . 

3.24. In Fig. P 3.8, let oo 2 = 90 rpm. Determine w 3 , co 4 , co 5 , and a> 6 - 

3.25. Using Fig. 2.19, show that the velocity of sliding at the point of con- 
tact is (co 2 + co 4 )FM. When M lies outside the centers, show that the velocity of 
sliding is (o> 2 co^)PM. (Hint: M is an instant center.) 

3.26. In Fig. P 3.1, let VB be represented by a vector 1 in. long. Determine 
Vc and VD. Use the resolution method. 

3.27. In Fig. P 3.6, let VB be represented by a vector 1 in. long. Determine 
the vector Vc. Use the resolution method. 

3.28. In Fig. P 3.7, let VB be represented by a vector 1 in. long. Determine 
Vc, VD, and VE. Use the resolution method. 

3.29. In Fig. P 3.8, let VB be represented by a vector 1 in. long. Determine 
Vc, VD, and VE. Use the resolution method. 
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4.1. Velocity polygons. The velocity polygon or relative velocity 
method is a very useful and rapid way of determining linear and angular 
velocities in mechanisms. This method has the additional advantage 
over the instant center and resolution methods that it can be extended to 
make acceleration analyses. This will be considered in the next chapter. 
The key to the construction is, the velocity of any point in a link relative to 
any other point in the same link is perpendicular to the line joining the two 
points. 




Fig. 4.1 

Linear velocities are obtained by the use of the key and equations of 
relative velocity. In Fig. 4.1. the velocity of B is known, and the velocity 
of A is desired. A vector equation involving A and B is 

VA/B = V A -> V B 
This equation can be written in the form 

V A = V B +> VA/B (4.1) 

The direction of V A is known, V B is known in magnitude and direction, 
and the direction of VA/B is known. This information is sufficient for 
solving the equation. In Fig. 4.2, VB is laid off and a line in the direction 
of VA/B (perpendicular to BA) is drawn through the terminus of VB. The 
origin of VA will lie at the origin of V B and the terminus of VA will lie on 
the line containing VA/B. A line is drawn through the origin of VB in the 
direction of VA. The intersection determines the magnitudes of VA and 
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VA/B. The notation that will be used in this book is shown in Fig. 4.3, 
where ob represents V B , oa represents V A , ba represents VA/B, and ab repre- 
sents VB/A. The pole o is the point of zero velocity. 

The mechanism in Fig. 4.4 is similar to that of Fig. 4. 1. It is desired to 
determine the velocities of all lettered points. The velocity of B is 
known and VA is determined as in the example above. The velocity of C 





Fig. 4.2 



Fig. 4.3 



can now be determined from the known velocities of B and A. 
tion involving C and B is 

V c = V B +> V C/B 



An equ. 

(4.2) 

The magnitude and direction of VH and the direction of VC/B are known. 
This information is not sufficient to solve the equation. An equation 
involving C and A is 

V c = V A +t> V C/A (4.3) 

There is not sufficient information to solve this equation. Equations 
(4.2) and (4.3) can be solved simultaneously as shown in Fig. 4.5. From 
Eq. (4.2), V B is laid off as ob. A line through b in the direction VC/B (per- 
pendicular to BC) will contain the terminus of Vc. From Eq. (4.3), V A 
is laid off as oa. A line through a in the direction VC/A (perpendicular to 
CA) will contain the terminus of V c . Then oc is the vector Vc. In 
working problems separate diagrams are not drawn for determination of 
the velocity of each point. All work is done on one diagram or velocity 
polygon. Figures 4.3 and 4.5 are combined in Fig. 4.6. Point a on 
the diagram was determined by drawing lines of known direction through 
known points o and 6, and c was determined by drawing lines of known 
direction through known points a and b. The directions of the velocities 
of VD/B, VD/CJ and VD/A are known. Point d can be located by drawing 
lines of known direction containing the terminus of VD through b and c 
or through c and a. 

Point d can also be located by proportion. Each link in Fig. 4.4 
has an image in Fig. 4.6 that is similar. Line ob is perpendicular to 
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Fig. 4.4 





Fig. 4.5 



Fig. 4.6 




Fig. 4.7 

04iB, ba is perpendicular to BA, cd is perpendicular to CD, etc. These 
velocity images are rotated 90 relative to the links in the original mecha- 
nism. The frame has zero velocity. Its image is a point at the pole o. 
Then d can be located from the ratio 



bd 
ba 



BD 
BA 



Now V x can be determined from a gage line as shown in Fig. 4.4. 
It can also be obtained by properly locating x on 06, the velocity image 
of link 4. From similar triangles 

Vx 0<iX 
V B 
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Then ob represents V B , ox will represent V x if it is obtained from the ratio 



OX 



and oy representing V Y can be obtained in a similar manner. 
The velocity of X relative to Y is 

V X/Y Vx ~t> VY 

This construction is shown in Fig. 4.7. The vector V X/Y is equal to the 
line from y to x in Fig. 4.6, and V Y /x is the line from x to y. Lines from 
the pole to points on the velocity polygon represent absolute velocities of 
the corresponding points on the mechanism. A line joining any two 
points on the velocity polygon represents the vector difference of the 
absolute velocities. From this it can be stated that the velocity of any 
point on a mechanism relative to any other point on the mechanism is repre- 
sented by the line joining the corresponding points on the velocity polygon. 
4.2. Angular velocities. The angular velocity of a link can be 
determined by dividing the velocity of a point in the link relative to any 
other point in the link by the distance between them. The angular 

velocity of link 3 in Fig. 4.4 is 

c 



03/1 15 



V 
R 



VA/B = ba 
AB 



or 



VB/A = ab 
AB 



or 



C03/1 = 



Vc/p = dc 
~CD 




etc. In the first case the velocity of A relative to B is taken. This 
means that B is thought of as being fixed. It is shown fixed in Fig. 
4.8(a), and the vector V A /B is placed at A. It can be seen that link 3 
has clockwise rotation. When considering a point fixed as is done above, 
the translation component that is associated with this reference point is 
eliminated. This does not affect the angular velocity. 

Example 1. In Fig. 4.9 the angular velocity of link 2 is 443 rpm CCW. The 
velocity of C and the angular velocity of link 5 are desired. The velocity polygon 
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is shown in Fig. 4.10. All data apply to the original drawing. The velocity of 
A is 

JL . L ^50 



Tr 
7 A = 



12 



^ , 

X 



60 



i c\ / f 

= 4.36 fps 



This is laid off as oa to an assumed velocity scale of 1 in. = k v = 2 fps. The 
velocity of B relative to A is perpendicular to BA. A line through a in this direc- 
tion contains 6. The velocity of B relative to 0* i is perpendicular to BO 41. A 
line through pole o in this direction contains 6. Thus b is located at the intersec- 
tion of these two lines. The motion of C relative to the frame is horizontal. A 
horizontal line through o contains c. The velocity of C relative to B is per- 
pendicular to CB. A line through 6 in this direction contains c. Thus c is 




Fig. 4.9 




located at the intersection of these two lines. On the drawing oc scales 1.9 in. 
The velocity of C is 

Vc = ock v = 1.9 X 2 = 3.8 fps 

Block 6 has rectilinear translation relative to the frame. All points in it have 
the same velocity. The velocity image of 6 is a point at c. 

The value of VB/C is obtained from the velocity polygon and is used to deter- 
mine the angular velocity of link 5. 



4.26 



BC 1.8125/12 



28.2 radians per sec CW 



Example 2. A direct-contact mechanism is shown in Fig. 4.11. Here co 2 is 
known and the velocity of B is desired. Velocity V > 2 is the product of the radius 
DzOti and o>2. This vector is laid off as od* in Fig. 4.12. The only motion that 
1)4 can have relative to Z) 2 is sliding along the common tangent at the point of 
contact. A line through dz in this direction contains d\. The motion of D 4 rela- 
tive to the frame is perpendicular to D^O^. A line through o in this direction 
contains c? 4 , and d 4 is located at the intersection of these two lines. To aid in 
visualizing the problem, BDtOu is indicated as a triangular member. For the 
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phase shown this triangular link has the same angular velocity as the circular link. 
Point 6 is determined from the known points o and d*. 

Example 3. A quick-return mechanism is shown in Fig. 4.13. Velocity V St 
is known and the velocity of D is desired. Velocity Vs t is laid off as ob 2 in Fig. 
4.14. The direction of motion of B is perpendicular to link C0 4 i. A line through 
o in this direction contains 6 4 . The motion of B* relative to 5 2 is sliding along 
the link COu. A line through 6 2 in this direction contains 6 4 , and 64 is located at 
the intersection of these two lines. Then c is located by proportion. It is 




Fig. 4.11 





'41 



Fig. 4.13 
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known that link O^B^C has a velocity image similar to it. Then b*c is deter- 
mined from the proportion 



oh* 

Point d is determined from the known points c and o. 

Example 4- An oscillating cylinder mechanism is shown in Fig. 4.15. Here 
VA is known and the velocity of point B is desired. Velocity V A is laid off as oa 
in Fig. 4.16. The direction of motion of B is not known. It is necessary to select 
some point in 3 of known velocity direction. Member 3 is extended to include 




o,c, 




Fig. 4.15 

point 04i. This does not alter the motions of the links. Point O 4 i is also indi- 
cated at Ci(7 3 , a double point in 1 and 3. The direction of motion of G V 3 relative 
to C\ is along the line AC\. A line through o in this direction contains (7 3 . The 
direction of motion of C 3 relative to A is perpendicular to C 3 A. A line througli a 
in this direction contains c 3 , and c 3 is located at the intersection of these lines. 
Then oc 3 is the velocity image of AC 3 , and b is located by proportion. 

Example 5. Trial solution. A quick return mechanism is shown in Fig. 4.17. 
Here VB Z is known and the velocity of point D is desired. Velocity F/* 3 is laid off 
as o6 2 in Fig. 4.18. A horizontal line through o contains d, a vertical line through 
o contains c, and a line through 6 2 parallel to link 4 contains 6 4 . This information 
is not sufficient to locate a point in link 4. It is necessary to use a trial solution. 
It is known that link 4 will have a velocity image that is similar and perpendicular 
to DC. It is also known that one end of the image will lie on the line containing 
d, and the other end on the line containing c. A trial solution (c)(d) is drawn and 
(6 4 ) is located by proportion. All conditions are satisfied except one: (6 4 ) does 
not lie on the line containing 6 4 . This solution is not correct. A second trial 
solution ((c)) ((d)) is made and ((64)) is located by proportion. This solutionis not 
correct. A line through (6 4 ) and ((6 4 )) will be the locus of 6 4 for all trial solutions 
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Fig. 4.17 




(d) 



Fig. 4.18 



and will therefore contain the correct 6 4 . The intersection of this line with the 
line through b- 2 parallel to DC is the correct 64. The correct image cb^d is drawn. 
It can be seen that the line through (6 4 ) and ((6 4 )) passes through the intersection 
of the lines containing c and d. If this intersection is used only one trial solution is 
necessary. 

Example 6. In Fig. 4.19 the velocity of B is known and the velocity of D is 
desired. Velocity V A^ is determined from VB as shown in Fig. 4.19. Wheels 2 
and 3 have rolling contact; therefore VA* V A y Velocity VF is determined 
from VA S as shown. Now VB and VF are laid off as ob and o/, respectively, in 
Fig. 4.20. A line through/ perpendicular to EF contains e, a line through b per- 
pendicular to CB contains c, a vertical line through o contains d. A trial solution 
is necessary. Line (e)(c) is drawn perpendicular to EC with one end on the line 
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Fig. 4.20 

containing e and the other end on the line containing c; (d) is located by propor- 
tion. The intersection of the lines containing e and c lies off the paper and is not 
available for use. A second trial solution ((e))((d))((c)) is necessary. The inter- 
section of the line through (d)((d)) and the vertical line containing d locates d. 

The velocity images of 2 and 3 are shown. Both wheels have zero velocity 
at their centers and the same peripheral speed. One circle with its center at o 
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represents both wheels. The position of oa^ relative to OziAz shows that the 
image of 2 is rotated 90 CCW relative to member 2 in Fig. 4.19. The relative 
positions of oa 3 and 3 iAs show that image 3 is rotated 90 CW relative to mem- 
ber 3. 

Example 7. In Fig. 4.21 the velocity of A is known and the velocity of D is 
desired. An attempt to solve this problem will lead to trial solutions for links 




Fig. 4.21 




Fig. 4.22 

3, 4, and 5. Information is not available to make this solution. A solution can 
be obtained as shown in Fig. 4.22 by neglecting FA and assuming a velocity vector 
VD. When this is done a trial solution is necessary only for link 5. The length 
of oa is measured on the drawing, and the velocity scale is calculated, using this 
length and the known value of VA- All other velocities can be determined from 
Fig. 4.22 and this scale. 
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4.3. Simultaneous trial solutions for two links. A Walschaert 
valve gear that is used on steam locomotives is shown in Fig. 4.23. The 
construction of the velocity polygon for this mechanism requires trial 
solutions for links 6 and 8. The reversing lever is stationary most of 
the time, and H will be assumed fixed. The piston and crosshead 4, 



Rtvtrtinq Levtr 




Fig. 4.23 




contains f 



Fig. 4.24 

connecting rod 3, crank 2, and frame 1 form a simple slider crank mecha- 
nism. The valve 7 receives motion from the crosshead at C and the crank 
at M . The velocity of crank pin A is known. The velocity polygon for 
the entire mechanism is shown in Fig. 4.24. Points a, m, 6, /c, and j 9 are 
determined in the usual manner. The velocity of C is equal to that of 
B\ therefore c coincides with b in Fig. 4.24. A trial solution for link 6 
will be made first. A line through c perpendicular to CD contains d. 
A line through o in the direction of sliding of valve 7 will contain e. 
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Line (d)(e) is laid off perpendicular to DE] (/) is located by proportion. 
A line through (/) and the intersection of lines containing e and d will con- 
tain the correct location for point /. No more can be done here. A trial 
solution for link 8 is required next. A line through j 9 parallel to the 
direction of sliding of block 12 on 9 contains j 8 . A line through h per- 
pendicular to GH contains g. Line [js][g] is drawn perpendicular to J 8 G, 
and [/] is located by proportion. A line through [/] and the intersection 
of lines containing j 8 and g contains /. The intersection of this line with 
the previously determined line containing / locates /. The correct 
images fed and fgjs are drawn. 

4.4. Determination of mechanical advantage from the velocity 
polygon. In Art. 1.1 it was stated that kinematic schemes can be 
investigated without regard to forces. This is usually true except in 
cases where a mechanical advantage is specified. The linkage must be 
proportioned to give this mechanical advantage. The theory and one 
example will be given to show that the velocity polygon can be used to 
determine the mechanical advantage of a mechanism. 

A simple lever supported at is shown in Fig. 4.25. The mechanical 
advantage is CO/ BO. If a force P is applied at C a balancing force Q is 
required at B. The ratio of the forces is 

CO ^ force Q 
BO ~ force P 

The mechanical advantage can also be determined using the principle of 
virtual (infinitesimal) displacements, virtual velocities, or virtual work. 

Force Q Force P 



* - Jh- --- . 



A 



Fig. 4.25 

Let the bar rotate through an angle dO. The displacement of (7 is dC = 
OC d6, and the displacement of B is dB = OB d6 ; then 

42. = OCdd = 2^ = f orce $ 
dB ~~ OB d6 ~ OB " force P 

When the bar rotates through the angle dB it has an angular velocity. 
The magnitude of this angular velocity does not matter. The linear 
velocity of point C is V c = OCco and the linear velocity of B is V B = 
0#co; then 

Vc = OCw ^ OC = force Q 

V B ~ OBco "~ OB ~ force P 

This shows that instantaneous velocities can be considered to represent 
virtual displacements drawn to a large scale. Since a ratio is to be taken, 
the scale does not enter into the calculations and need not be considered. 
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Fig. 4.26 

Toggle pliers and the equivalent linkage are shown in Fig. 4.26. A 
force P is applied as shown. A velocity polygon can 
be drawn by assuming a velocity for some point in the 
linkage. The direction of the velocity of P is shown. 
This cannot be used as a starting point, since the direc- 
tion is determined from the polygon. One of the 
points Q, C, or B can be chosen, since the links con- 
taining these points are pinned to the fixed member 
and the directions of motions are known. In this 
example V Q is assumed and is laid off as oq in Fig. 4.27. 
The velocity polygon is completed in the usual manner. 
These velocities can be considered to represent virtual 
displacements on a large scale. 

Work is the product of force and displacement. It 
is only the component of force that acts in the direc- 
tion of the displacement that does work, or work is 
the product of the force and the component of dis- 
placement that is in the direction of the force. Force 
P is applied in a vertical direction; hence it does work 
along oP', the vertical component of the virtual dis- 
placement op. The component of displacement P'p 
is perpendicular to the force. No work is done along 
this displacement. At Q work is done along the com- 
ponent oQ' that is perpendicular to the jaw. The work 
at P must equal that at Q. 

force P X oP' = force Q X oQ' 

oP f force Q , . . . , 

= = mechanical advantage 

If the mechanical advantage is not the desired 
Fig, 4.27 value a study of Figs. 4.26 and 4.27 will indicate 



o,d,e 
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what links to alter to obtain this mechanical advantage. If the 
shape of the handle is altered so that force P is applied in the direction 
of the displacement op, the mechanical advantage will be greater. In 
this case op and oP' are nearly equal and there is little to be gained. 
The theory of virtual displacements is based on infinitesimal displace- 
ments. In practice the forces are large, and because of the elasticity of 
the materials, the displacements are small but measurable. If the piece 
being clamped in the jaws is round, the displacement component qQ' will 
cause a slight rolling of the piece. If the piece is flat the displacement 
component qQ' represents sliding or shear distortion of the piece. In this 
case work is done along the component qQ' and the mechanical advantage 
is not so great as that indicated above. In some types of clamping 
devices this action might be undesirable. 

It is often necessary to determine the mechanical advantage of mecha- 
nisms in motion. This method can of course be used in these cases. 
The pliers were chosen to show that a problem in statics can be solved 
using a velocity polygon. The method is not only rapid but it reveals 
conditions that are not usually apparent from the conventional force 
analysis. 



PROBLEMS 

The following problems are to be solved by the velocity polygon method. 
Label the velocity images. The directions as well as magnitudes of angular 
velocities should be determined. Let the scale of the velocity polygons be 1 
in. = k v = 10 fps except where otherwise stated. 

4.1. (a) Construct the velocity polygon for Fig. P 4.1. Let the length of 
VB = 2 in. Place vectors VE, Vc, and V F on the configuration (space) diagram, 
(b) Determine o> 2 , co 3 , and co 4 . 





Fig. P 4.1 



Fig. P 4.2 



4.2. (a) Construct the velocity polygon for Fig. P 4.2. Let the length of 
VB = IT in., BC = l| in., CE = ? in., CH = f in. 
(b) Determine w 3; 004, and cos. 
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4.3. (a) Construct the velocity polygon for Fig. P 4.3. Let the length of 
V B = 2 in. Wheels 2 and 4 roll on 1 . 
(b) Determine o> 2 , oj 4 , and cos. 



2 Dio. 





Fig. P 4.3 Fig. P 4.4 

4.4. (a) Construct the velocity polygon for Peaucellicr's straight-line mecha- 
nism shown in Fig. P 4.4. Let the length of VF = 1^ in. 

(b) Determine o>2, 0)3, and 0)5. 

4.5. (a) Construct the velocity polygon for Fig. P 3.1. Let the length of 
VB = 2 in. 

(b) Determine o>2, cos, and 0*4. 

4.6. (a) Construct the velocity polygon for Fig. P 3.2. Let the length of 
VB = 2 in. 

(b) Determine o> 3 . 

4.7. (a) Construct the velocity polygon for Fig. P 3.3. Let the length of 
VB* = 2 in. 

(b) Determine co 3 . 

4.8. (a) Construct the velocity polygon for Fig. P 3.4. Let the length of 
V B = in. 

(b) Determine 0)3 and o?4. 

4.9. (a) Construct the velocity polygon for Fig. P 3.5. Let the length of 
V B = 2 in. 

(b) Determine 00-2 and 0^3. 

4.10. (a) Construct the velocity polygon for Fig. P 3.6. Let the length of 
V B = 2 in. 

(b) Determine o> 3 . 

4.11. (a) Construct the velocity polygon for Fig. P 3.7. Let the length of 
VB = 2 in. 

(b) Determine co 3 , 004, and o> 5 . 

4.12. (a) Construct the velocity polygon for Fig. P 3.8. Let the length of 
V Bt = 2 in. 

(b) Determine 0)3, C04, and 0)5. 

4.13. (a) Construct the velocity polygon for Fig. P 4.13. Let the length of 
V B , = 2 in. 

(b) Determine o> 3 and COA. 
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Fig. P 4.13 Fig. P 4.14 

4.14. (a) Construct the velocity polygon for Fig. P 4.14. Let the length of 
V F = 2 in. 

(b) Determine o; 3 , co 4 , co 5 , and co 6 . 

4.15. (a) Construct the velocity polygon for Fig. P 4.15. Let the length of 
V R , = 2 in. GC = 2 in., FD = 6 in., ED = 2 in. 

(b) Determine o> 4 and 007. 

4.16. (a) Construct the velocity polygon for Fig. P 4.16. Let the length of 
Va = li in. 

(b) Determine co 3 , co 4 , and co 5 . 




I/1--KF 




Fig. P 4.15 



Fig. P 4.17 
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4.17. (a) Construct the velocity polygon for Fig. P 4.17. Let the length of 
V D = i in. 

(b) Determine a> 3 and 0)5. 

4.18. (a) Construct the velocity polygon for Fig. P 4.18. Let the length of 
Y B = \ in. Wheels 2 and 7 have rolling contact. 

(b) Determine cos, o>4, and COG. 




I -g Dio. 



Fig. P 4.18 

4.19. Construct a velocity polygon for Fig. P 4.19 Assume a vector 2 in. 
long to represent the velocity of a point that leads to a simple solution. 





Fig. P 4.19 



Fig. P 4.20 



4.20. Construct a velocity polygon for Fig. P 4.20. Assume a vector to repre- 
sent the velocity of a point that leads to a simple solution. 

4.21. (a) Construct the velocity polygon for Fig. P 4.21. Let the length of 
V B = i in. 

(b) Explain how this problem could be solved without using a trial solution. 
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Fig. P 4.21 



4.22. Construct the velocity polygon for Fig. P 4.22. Let cj 2 = 400 rpm and 
cog = 800 rpm. Let the velocity scale be 1 in. = K v 2.5 fps. 

4.23. Construct the velocity polygon for Fig. P 4.23. Let the length of the 
VG = 1^ in. 





Fig. P 4.24 



4.24. Construct the velocity polygon for Fig. P 4.24. Let the length of 
V B = I* in. 

4.25. A modified computor linkage is shown in Fig. P 4.25(a). Let the 
input velocities be represented by vectors VG = 1^ in. and VF 3 in. Construct 
the velocity polygon. 

Note: In complex mechanisms it is sometimes difficult to tell if the motion is 
constrained. A criterion for constraint is 



B + ?C = 



- 2 



(1) 



where B = number of binary joints. A ternary joint (a joint connecting three 
links, for example, K) is equivalent to two binary joints, and a quaternary joint 
is equivalent to three binary joints. C = number of unclosed pairs (all are closed 
in Fig. P 4.25). D = number of links. If the right side of the equation is less 
than the left, the chain is locked. If equal the chain is constrained. If the right 
side is greater than the left the chain is unconstrained. 
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Fig. P 4.25 

In Fig. P 4.25 (a) when all joints including sliding joints and all members 
including sliders are considered, the equation gives 



17 + = |(13) - 2 = 



(2) 



This indicates that the mechanism does not have constrained motion, which is 
not the case. Consider the linkage at (b). If 002 and VD are controlled in a 
definite manner, C will have constrained motion. Substitution in the equation 
gives 

5 + = !x5-2 = 5| (3) 

Again the equation indicates that the linkage does not have constrained motion. 
If V D is taken as zero and 5 is considered a part of 1 , the equation gives 

4 + = 1x4-2 = 4 " (4) 

The linkage is constrained. It can be seen that if 0*2 is definite and VD is not 
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definitely controlled, C will not have constrained motion. For this case Eq. (3) 
gives the correct answer. The equation is not set up to handle both conditions. 
If, in Pig. P 4.25(a), VG = and 12 is fixed to 1, the equation is 



16 + = f X 12 - 2 = 16 



(5) 



Hence to apply the criterion to a mechanism with more than one input motion it is 
necessary to fix all input links but one. If the linkage has constraint for this 
condition, it will have constraint when one or more additional links are given a 
definite input motion. 

Computor mechanisms commonly have more than one input motion. 




Fig. P 4.26 

4.26. A toggle mechanism is shown in Fig. P 4.26. Here 2 is the input mem- 
ber and 6 the output member. Assume a force at B and determine the mechani- 
cal advantage. 



CHAPTER 5 



Acceleration 



5.1. Introductory. The development of engineering materials, 
manufacturing processes, and other phases of engineering makes it pos- 
sible to build machines that operate at higher speeds than were con- 
sidered possible a few years ago. Since the normal acceleration is pro- 
portional to the square of the speed, the doubling of a machine speed will 
increase four times the stresses due to centrifugal forces. When a high- 
speed machine is designed, the acceleration analysis is one of the most 
important steps. The development of machinery is continually increas- 
ing the complexity of mechanisms. Some of these present a challenge 
to the engineer when an acceleration analysis is required. Methods of 
dealing with these mechanisms are treated in this chapter. As in the 
chapters on velocity, the mechanisms are drawn in the simplest manner 
so that attention can be focused on the application of basic concepts. 

5.2. Acceleration polygons. One advantage of the use of velocity 
polygons is that the method can be extended to make acceleration 
analyses. The notation used in the acceleration polygon is similar to 
that used in the velocity polygon except the letters are primed. The 
pole o' of the acceleration polygon represents the point of zero accelera- 
tion. Lines from the pole to points in the acceleration polygon represent 
absolute accelerations. A line joining two points in the acceleration 
polygon represents the relative acceleration of the corresponding points 
on the mechanism. It will be shown later that acceleration images are 
similar to the corresponding links in the mechanism. The key to the 
construction of acceleration polygons is, the normal and tangential accel- 
erations of a point are perpendicular to each other. In addition to the 
concepts used for velocity polygons and the key above, the following 
equations will be used. 

A n = ^ = flco 2 = Va> (5.1) 

ft 

A* = ROL (5.2) 

A = A n +> A t (5.3) 

Coriolis' acceleration = 2Fo> (5.4) 

Coriolis' acceleration will be considered in a later article. 
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5.3. Linear acceleration. An example will be used to illustrate 
the method for determining linear accelerations. In Fig. 5.1 the crank 
rotates with uniform angular velocity as shown. The acceleration of C 
is desired. The velocity polygon is shown in Fig. 5.2 and the accelera- 
tion polygon in Fig. 5.3. The acceleration of C can be determined from 
the equation 

Ac = A B +> AC/B = A* +> A' B +> A n c/B +> A' C/B 

The acceleration polygon is the graphical solution of this equation. 
Point C moves in a horizontal path. A horizontal line through pole o f 




c_ 





Fig. 5.1 



Fig. 5.2 



Fig. 5.3 



contains c' , the terminus of A c . The normal acceleration* of B is 

1.5/1200 X 2irV 1CV7K , 2 
= To V *n = 1975 f P s 



Since A* B is zero, A B = A B . This is laid off as o f b f in the direction of B 



to 0. Then A% /B 
velocity polygon. 



is calculated by using the value of VC/B from the 



^nL n /a 



(11.5)* 



CB 



318 fps 2 



This is laid off from V in the direction C to B. The direction of A* C/B is 
perpendicular to A% /B . A line through the terminus of A% /B in this direc- 
tion contains c', the terminus of A l c/B . The intersection of this line with 
the horizontal line through o' containing c' locates c', and o'c' represents 
Ac. It scales 1410 fps 2 . 

5.4. Acceleration images. In Fig. 5.4 the angular velocity and 
acceleration of link 2 are given. The velocity and acceleration polygons 
are shown in Figs. 5.5 and 5.6. Here A D can be determined from the 
equation 

A D = Ac +> AD/C 
This can be written 

Al +> A' D = A n c +> A\, +> Al m +> A* Dm 

* The unit of acceleration, feet per second per second, is abbreviated as fps 2 
throughout this text. 
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The value of Aj is obtained from Eq. (5.1), using the value of V D from 
the velocity polygon. This vector is laid off from o' '. A perpendicular 
at the terminus of Aj contains d', the terminus of A* D . The vectors on 
the right side of the equation are laid off starting from o'. The values 



o.b.f 




Fig. 5.6 

of A " and A\, are calculated from the known motion of link 2 and laid off 
as shown. The vector sum of A% and A' c is A c . This is represented by 
oV, and A n D/c is calculated using the value of V D /c from the velocity 
polygon and is laid off from Q' . A perpendicular at the terminus of 
A n D/c contains d', the terminus of A* D/C . The intersection of this line 
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with the previously determined line containing d' locates d' . Then o'd' 
represents the vector AD. 

The point e f can be located in a similar manner by laying off A^ /c 
from c r arid A% /D from d' arid obtaining the intersection of the perpen- 
diculars to these vectors. A more rapid way is to construct the accelera- 
tion image c'd'e' similar to CDE. The similarity of the link arid image 
can be proved as follows. 

Ac/ 1) AC/ D +t> A l c/D = co|(7Z) - 
Since A" /D and A l c/D are perpendicular to each other, 

Z7 2 = CD ~ 



+ 



>3 + 




AC,D\ 
In like manner 

\As/c\ = EC 

\A D/E \ = DE 

etc. The magnitudes of relative accelerations of points on a link are 
equal to the distances between the points on the original link times a 
constant. Since distances between points on the acceleration image 
represent relative accelerations, these distances must be proportional to 
the corresponding distances on the link. Points d' and d are located 
on the acceleration image. The acceleration image of link 3 can be 
completed from the proportions 



_ _ 

CD CE ~ ED ~ CG 

The cyclic order must be maintained. If CEDG is clockwise, c'e'd'g' 
must be clockwise. 

5.5. Angular acceleration. The angular acceleration of a link can 
be obtained from Eq. (5.2). The angular acceleration of a link is equal 
to the tangential acceleration of any point in the link relative to any 
other point in the link divided by the distance between the points. The 
value of A' D/C can be taken from Fig. 5.6, and A 1 E/G is obtained by resolv- 
ing AE/O (Fig. 5.6) into its normal component parallel to EG, and tan- 
gential component perpendicular to EG. The angular acceleration of 
link 3 is 



= -T clockwise 



A 1 
= - clockwise 



At c 

Km clockwise 





(a) 



(b) 



(c) 



Fig. 5.8 
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etc. The angular velocity of link 3 from Fig. 5.8 is counterclockwise. 
The angular velocity of link 3 is therefore decreasing. 

5.6. Graphical determination of normal accelerations. The 

units used in making calculations and drawing polygons can be any of the 
standard units; however, it is customary to use feet and seconds. On the 
drawings of the mechanism, let the scale be 1 in. = k a ft. In drawing 
velocities, let the scale be 1 in. = k v fps. In drawing accelerations, let 
the scale be 1 in. = k a fps 2 . 

A rotating link BC is shown in Fig. 5.9. The velocity V c is indicated 
as CV. These two values, the lengths BC and Vc, are drawn to the scales 
indicated above. A right triangle BVN is constructed as shown. Tri- 
angles BCV and CVN have perpendicular sides and are therefore similar. 
Then 



CV = ~BC r CN = ~~B(r 



Let 

CNk a 



, 
~CVk v " 'BCk' 8 " BCk. ( j 

Equation (5.6) holds if the scales have a certain relationship. This 
relationship can be obtained by dividing Eq. (5.6) by (5.5), giving 

7. J, J.2 

/to _ &v i _ K'v ,- 7 x 

F ~ F a ~~ T ^ ' 

A/v fi/s A/g 

A dimensional check shows that the units chosen are correct. 

f ps * = 1WP5) = fpg2 (5.8) 

It 

By construction CVk v is equal to Vc on the mechanism, and BCk 8 is 
equal to the actual length of BC on the mechanism. Therefore CNk a 




*> 




Fig. 5.9 Fig. 5.10 

from Eq. (5.7) must represent the normal acceleration of C relative to B 
on the mechanism on the scale .indicated above. In Fig. 5.9 it can be 
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seen that the sense of this vector is reversed. When it is used in the 
acceleration polygon it must be drawn in the correct direction. 

The mechanism of Fig. 5.4 is shown in Fig. 5.10, and the constructions 
for the determination of the normal accelerations are shown. This 
graphical construction reduces the time required to make an acceleration 
analysis. The velocities can be transferred from the polygon to the 
drawing of the mechanism with dividers. The normal accelerations can 
then be transferred to the acceleration polygon. None of the vectors 
need be scaled until the acceleration polygon is completed, and then only 
those desired need be scaled. Any two scales can be assumed and the 
third calculated using Eq. (5.7). Usually k 8 and k v are assumed. 

5.7. Equivalent linkages. A direct-contact mechanism consisting 
of two circular members with centers at C and B is shown in Fig. 5.11. 
The equivalent links 2', 3', and 4' can 
replace links 2 and 4 for making an 
acceleration analysis. The accelera- 
tions of 2' and 4' will be the same as 
those of 2 and 4. It can be seen that 
link 3' lies along the common normal at 
the point of contact of 2 and 4; hence 
the angular velocity ratio of 2' and 4' 
will be the same as that of 2 and 4. 
This will be true for any phase of the 
mechanism. If the equivalent linkage gives the correct velocities for any 
series of displacements it can be used for an acceleration analysis. 

In Fig. 5.12 the active profile of member 2 consists of two circular 
arcs, GE of radius RI and EF of radius R%. For the phase shown with 
solid lines the equivalent linkage is O^-C-B-Oti. A different equivalent 
linkage, Ou-C'-D'-Ozi, is required for the phase shown dotted. For the 




Fig. 5.11 




\ 



Fig. 5.12 

phase in which point E of member 2 contacts member 4, both linkages 
result. Both are correct and should be analyzed. This represents a 
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discontinuity in the acceleration due to the finite change in radius from 
Ri to R 2 . 

If the radius of curvature of the profile of one or both members changes 
continuously, the equivalent linkage changes continuously and must be 
determined for each phase. Accelerations are obtained from the equa- 
tions A 1 = Ra and A n = /fo 2 , where /?, co, and a are instantaneous 



Path of B 4 on 2 





Fig. 5.13 



Fig. 5.14 



Path of B 4 on 2 





Fig. 5.15 



Fig. 5.16 



values. Their rate of change does not affect the instantaneous values of 
acceleration. 

Three mechanisms and their equivalent linkages are shown in Figs. 
5.13, 5.14, and 5.15. In Fig. 5.16 the roller is in contact with a flat 
surface of the cam. The normal acceleration of C is 



The solution of this problem with the equivalent linkage will not be 
considered in this book, Another type of solution will be considered 
in the next article. ' 
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5.8. Coriolis' law. // a point moves along a path that has rotation, 
the absolute acceleration of the point is the vector sum of the acceleration of 
the point relative to the coincident point in the path, the absolute acceleration 
of the coincident point in the path, and a third component. The third com- 
ponent is called Coriolis' component. 

In Fig. 5.17, rod DE moves with constant angular velocity from DE 
to DE' in time dt. During this time a slider moves outward along the 




2V&J 




(d) 



Fig. 5.18 



rod with velocity V from position K to position N. Consider the dis- 
placement of the slider from K to N in the following stages: K to M due 
to the rotation of the rod, M to P due to the outward velocity V, and P 
to N due to an acceleration perpendicular to the rod. This is Coriolis' 
acceleration. An expression for it can be obtained as follows. 

arc PN = arc LN arc KM 

PN = LD dd - KD de = PM dd = V dt co dt = 7co dt 2 
For a constantly accelerated particle 

PN = $A dP 



Eliminating PN from the above equations gives 

A = 27co Coriolis' acceleration 



(5.9) 



The directional relationship of V, co, and 2Fco for the case of Fig. 5.17 is 
shown in Fig. 5.18(a). If the velocity of the slider is toward the center 
D the relationship will be that of Fig. 5.18(b). If co is reversed, the 
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relationships for the two velocity directions will be according to Figs. 
5.18(b) and (c). Figure 5.18 can be used as a key for determining the 
direction of Coriolis' acceleration. The key can be stated as follows: 
the direction of Coriolis' acceleration is the direction of the relative velocity 
vector after it has been rotated 90 in the direction of the angular velocity of 
the path. 

The derivation given above is for the special case shown. In the 
general case the path is curved and has angular acceleration, and the 
moving point has acceleration along the path. The proof for the general 
oase is included in most engineering mechanics books.* 

In the previous examples it was not necessary to consider relative 
acceleration of coincident points on paths that had rotation. In Figs. 
5.13, 5.14, and 5.15 this was avoided by using equivalent linkages. 

The acceleration of B^ Fig. 5.15, can be determined using Coriolis' 
acceleration, and A Bt can be calculated. The Coriolis component 
2F fi4 / J B 2 co 2 can be calculated. The normal acceleration of B* relative to 
B 2 can be calculated since the radius of curvature of the path of 5 4 on 2 
is known. This information is sufficient for completing the problem. 

The same conditions exist for Fig. 5.14. The path of B 4 on 2 is a 
curve parallel to the contour of member 2. The center of curvature of 
the path is at C. 

In Fig. 5.13 the radius of curvature of the path of P 4 on 2 is not 
evident, t However, the equivalent linkage can be used to make the 
acceleration analysis. 

In Fig. 5.16 the equivalent linkage method breaks down because of 
the infinite length. f This produces a straight path; hence the path of 
B\ on 2 is known. The Coriolis method can be used. 

Examples will be worked to illustrate the theory. 

Exam-pie, 1. A governor mechanism is shown in Fig. 5. 19 (a). The links and 
their angular motions are shown in (b). The acceleration of P$ is wanted. This 
problem will be worked without Coriolis' acceleration and then with the accelera- 
tion. The velocity polygon is shown in Fig. 5.20. The value of Vp^/c cannot be 
determined graphically. It is 

VP^C = #co 3 /i = (1.56) (10) = 15.6 fps 

It should be remembered that the velocity of any point in a link relative to some 
other point in the link is the product of the distance between them and the abso- 
lute angular velocity of the link. 

* Higdon and Stiles, Engineering Mechanics, New York: Prentice-Hall, Inc., 1949, 
p. 307. Hall, A. S., "Teaching Coriolis' Law," ASEE Journal, June, 1948. 

t In Fig. 5.13 the radius of curvature of the path that P 2 traces on 4 and the radius 
of curvature of the path that P 4 traces on 2 can be determined analytically or 
graphically. In Fig. 5.16 the equivalent linkage can be used to make the acceleration 
analysis if inversion is used. This will not be considered in this book. 
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A n c = C0u\ n = (1.4)(12) 2 = 202 fps 2 
A[ = C0a 2/l = (1.4) (75) = 105 fps 2 
n Ps/c = PCu\ n - (1.56)(10) 2 = 156 fps 2 
P(7a 3 /i = (1.56) (60) = 93.5 fps 2 



These vectors are laid off as solid lines in Fig. 5.21. Then o'p 3 is the desired 
vector Ap t . 

Fig. 5.19 



Units ore rodiont, 
seconds and ftt. 




Fig. 5.22 
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The mechanism shown in Fig. 5.22 is equivalent to that of Fig. 5.19. The 
acceleration of PS is the vector sum of the accelerations of P 2 relative to the frame, 
the acceleration of PS relative to Pi, and Coriolis' acceleration. 



A lower-case letter is used for the normal acceleration of P 3 relative to P 2 to 
indicate that the Coriolis' acceleration must be used with it. The values are 



= 750 fps 2 



Apt = POul/i = (1.14)(12) 2 = 163.5 fps 2 
A' Pt = P0a 2 /i = (1.14)(75) = 85.5 fps 2 

/ T/" _ T7" N^ ~rr \2 fl^fi ( 18f 



PC ~ 1.56 

^ = PC(a 3/2 = 3 /i - 2/i) = (1.56)[60 - (-75)] = 210 fps 2 
= (2) (34.2) (12) = 820 fps 2 



These vectors are laid off with broken lines. From the drawing, Ap t scales 65 
fps 2 . 



Units ore radians, seconds and inches 
Path of P 4 on 2 




Fig. 5.23 



Fig. 5.24 



Fig. 5.25 



Example 2. A cam mechanism is shown in Fig. 5.23. It is desired to deter- 
mine the acceleration of the reciprocating follower 4. The path that P 4 traces on 
2 is shown. The velocity polygon is shown in Fig. 5.24 and the acceleration 
polygon in Fig. 5.25. The acceleration of P 4 is 

A P , = A n P , +> A'p, +> A'PSPI +> a^p, +> 2Fp 4 /P,co 2 /i 
The components are 

A n P , = OPcof/x = r (15) 2 = 32.2 fps 2 
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R 



= 



where R is the radius of curvature of the path of P 4 on 2 at the point of contact. 
2V Pi/P ^ 2/l = (2) (2.5) (15) = 75 fps 2 

These two vectors are laid off starting from o' '. The direction of Ap i/p2 is tangent 
to the path that P 4 traces on 2. A line in this direction through the terminus of 
2F/v/> 2 o> 2 /i contains p 4 . The acceleration of P 4 relative to the frame is along the 
centerline of the follower. A line in this direction through o r contains p 4 , and p 4 is 
located at the intersection of these two lines. On the drawing A pi scales 54.8 
fps 2 . 

\^ 'Example 8. A quick-return mechanism is shown in Fig. 5.26. Member 2 has 
constant angular velocity as shown. The angular acceleration of link 3 is desired. 

Units are radians, seconds and inches 




Fig. 5.26 Fig. 5.27 Fig. 5.28 

The acceleration of P 3 must be determined first. The equation is 



In order to solve this equation it is necessary to know the radius of curvature of 
the path that PS traces on 2. This is not known. The path that P 2 traces on 3 
is a straight line along the link. This path can be used if the equation is written 
as though solving for the acceleration of P%. 

^pi -ft> 
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The vectors that can be calculated are 

/> 

A Pt = PjOwi/x = j2 ( 2 ) 2 = 2 f P g2 



= To" = 30 fps 2 



5 

= To = 6 radians per sec 
3 ps 

27p i /P, V i = (2)(8.75)(6) = 105 fps 2 

The directions of Ap s/F2 and Ap 3/c are known. This information is sufficient for 
completing the polygon. One arrangement is shown in Fig. 5.28. The known 
vectors Ap^ Ap^/ c , and 2Fp 2 /p 3 W3/i are laid off as shown. Lines in the known 
directions of the other two vectors complete the polygon. Then Ap 3/c scales 
275 fps 2 . 



= To" = 330 radians/sec 2 



5.9. Complex mechanisms. In Chapter 4 it was found that some 
mechanisms require trial solutions in the construction of velocity poly- 
gons. If a trial solution is required for a link in a velocity polygon, a 
trial solution for the same link is required in the acceleration polygon. 
If simultaneous trial solutions are required for two links in a velocity 
polygon, simultaneous trial solutions are required for the same links in 
the acceleration polygon. The trial solution method for velocity poly- 
gons was made possible by the fact that the velocity image of a link is 
perpendicular to the link. The angular orientation of an acceleration 
image relative to the link is determined by the relationship between the 
normal and tangential accelerations. This relationship is not known 
until the polygon is completed. The normal accelerations can be calcu- 
lated using velocities from the velocity polygon. When these are laid off 
on the acceleration polygon, only the tangential components are left. 
These are perpendicular to the link, and a trial solution for the tangential 
components can be made in the same manner as in a velocity polygon. 
No new basic concepts are required; those that have been used in the 
earlier part of this chapter are sufficient. 

Example 4* In Fig. 5.29 the angular velocity and acceleration of link 2 are 
known. The velocity polygon is shown in Fig. 5.30. A trial solution was 
required for link 4. The acceleration polygon is shown in Fig. 5.31. The order 
in which the lines were drawn is indicated by numbers in brackets. Accelerations 
AB/F [1] and A' B/F [2] are calculated and laid off, locating b'. Then A n D/B [3] is 
calculated and laid off from &'. A line [4] perpendicular to A n D/B will contain d f , 
the terminus of A* D/B . Acceleration A J/# [5] is calculated and laid off from o 1 '. A 
line [6] perpendicular to A^/ H contains c', the terminus of AC /H . Then A n E/Q [7] 
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Fig. 5.29 



Fig. 5.30 




,f,g,h 



Fig. 5.32 
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is calculated and laid off from o'. A line [8] perpendicular to AE/O contains e', 
the terminus of A* E / G . A trial solution is now necessary. A portion of Fig. 5.31 
is shown in Fig. 5.32. For purposes of explanation it is assumed that the location 
of d' is known; AE/D is calculated and laid off from d' (this vector is shown with a 
broken line). A perpendicular to AE/ D (shown broken) contains e', the terminus 
of AE/D' The intersection of this line with line [8] containing e f locates e', and c' 
is located in a similar manner. This is the usual arrangement for laying off 
normal and tangential components. The acceleration image c'd'e' of link 4 is 
shown. Accelerations A%/ D , A^/D, A"/ D , and AC/ D can be arranged differently, 
as shown by the solid line vectors. This latter arrangement is necessary in mak- 
ing trial solutions. In Fig. 5.31 AE/D [9] is laid off in an arbitrary position such 
that its terminus touches line [8] containing e'. A line [10] through the origin of 
A^:/ D and parallel to line [8] will contain the terminus of A l E/Dl and A%/ D [H] is 
laid off in an arbitrary position such that its terminus touches line [6] containing 
c'. A line [12] through the origin of AC/D and parallel to line [6] contains the 
terminus of AC/D- A trial solution [13] for the tangential components A^ E/D and 
A*C/D is made by drawing a line between [10] and [12] perpendicular to link EDC 
(Fig. 5.29). Point (d f ) is located by proportion from link EDC. A line [14] 
through (d f ) and the intersection of lines [10] and [12] contains (d f ) for all trial 
solutions. .The intersection of lines [4] and [14] locates d'. Vectors [15], [16], 
[17], and [18] determine the acceleration image of link 4. 

Example 5. A portion of a Walschaert valve gear is shown in Fig. 5.33. In 
order to reduce the number of lines in the acceleration polygon some of the links 
that require only elementary technique have been omitted. Member 2 has been 
given arbitrary angular velocity and acceleration, and point G has been given 
arbitrary linear velocity and acceleration. The velocity polygon, Fig. 5.34, 
is similar to a portion of Fig. 4.24. Links 3 and 5 require trial solutions. The 
acceleration polygon is shown in Fig. 5.35. The order in which the lines are 
drawn is indicated by numbers in brackets. First A /H [1] is calculated and laid 
off. A perpendicular line [2] through the terminus of A/ H contains c', the 
terminus of AC /H . The known value of Ao is laid off as o'g' [3], The slider E has 
horizontal motion. Line [3] will also contain e' ' . Acceleration A^ /0 [4] is calcu- 
lated and laid off from g'. A perpendicular line [5] through the terminus of A n F/Q 
contains /', the terminus of A 1 F / . Acceleration A n B ^ K [6] is calculated and laid 
off. Then AB Z/K [7] and 2V Bz /B^2 [8] are calculated and laid off as shown. A 
perpendicular line [9] through the terminus of 2V B^/B^Z contains 6 3 , the terminus 
of A 1 B3/B ^ It is now necessary to make trial solutions. Link 3 will be considered 
first. Acceleration A" BI /Q [11] is calculated and laid off in an arbitrary position 
such that its terminus touches line [9] containing 63. The perpendicular line [12] 
between the origin of A n Bz / c [11] and line [2] is a trial solution for A^/C. Accelera- 
tion A 1 D / C [13] is laid off using the proportions of link 3, and A n D/c [14] is calculated 
and laid off from the terminus at A 1 D / C . Lines [11], [12], [13], and [14] form a trial 
solution for link 3. If A n Bl/c [14] is laid off again in some position other than [11] 
it can be seen that a line [15] through the origins of these two vectors is parallel 
to line [9], Line [15] contains the termini of A^/c for all trial solutions. Line 
[16] through the terminus of A^/c [13] and the intersection of lines [2] and [15] 
contains the termini of A* D /c for all trial solutions. Line [17] through the terminus 
of AO/C [14] and parallel to line [16] contains the termini of A n D / c for all trial solu- 
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Fig. 5.33 



T^Q 




Fig. 5.35 
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tions. Line [17] therefore contains d' '. A trial solution for link 5 is now neces- 
sary. It is made in a manner similar to that for link 3. Acceleration A%>/ E [18] 
is calculated and laid off with its terminus touching line [5] containing/'. Line 
[19] is drawn parallel to line [5]. The trial value of A* F/E [20] is laid off as shown. 
Acceleration A 1 D/E [21] is determined by proportions, and A n D/E [22] is calculated 
and laid off from the terminus of A^ D / E [21]. Line [23] is drawn through the 
terminus of A? D/E [21] and the intersection of lines [3] and [19]. Line [24] is 
drawn through the terminus of A^/ E [22] parallel to line [23]. Line [24] con- 
tains d 1 ', so that d f is located at the intersection of lines [24] and [17]. Starting 
from d f , the correct normal and tangential accelerations for links 3 and 5 can 
now be drawn. 



PROBLEMS 

5.1. (a) Construct the acceleration polygon for Fig. P 4.1. Here o> 2 is con- 
stant. Use data of Prob. 4.1 and assume a suitable acceleration scale or use the 
graphical construction of Art. 5.6. Draw vectors AE, Ac, and AF on the con- 
figuration diagram. Indicate their numerical values in fps 2 . 

(b) Determine 3 and 4 . Indicate whether the links are increasing or 
decreasing, in angular speed. 

5.2. (a) Construct the acceleration polygon for Fig. P 3.1. Here co2 is con- 
stant. Use data of Prob. 4.5. 

(b) Determine 3 and a\. Indicate whether the links are increasing or 
decreasing in angular speed. 

5.3. (a) Construct the acceleration polygon for Fig. P 3.2. Velocity V H is 
constant. Use data of Prob. 4.6. 

(b) Determine as. Indicate whether the link is increasing or decreasing in 
angular speed. 

5.4. (a) Construct the acceleration polygon for Fig. P 3.4. Here 0^2 is con- 
stant. Use data of Prob. 4.8. 

(b) Determine #3 and a.\. Indicate whether the links are increasing or 
decreasing in angular speed. 

5.5. (a) Construct the acceleration polygon for Fig. P 4.2. Velocity VH is 
constant. Use data of Prob. 4.2. 

(b) Determine as. 

5.6. (a) Construct the acceleration polygon for Fig. P 4.16. Here co 2 is con- 
stant. Use data of Prob. 4.16. 

(b) Determine as and a\. 

5.7. Determine the vectors Ac and AE for Fig. P 4.17. Here co 2 is constant. 
Use data of Prob. 4.17. 

5.8. Construct the acceleration polygon for Fig. P 4.18. Here co 2 is constant. 
Use data of Prob. 4.18. 

5.9. Construct the acceleration polygon for Fig. P 4.19. Here co fi is constant 
in a CCW direction. Let the length of V D be represented by a vector \\ in. 
long. Use the graphical construction of Art. 5.6. 
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5.10. Construct the acceleration polygon for Fig. P 4.14. Here co 2 = 60 rpm, 

a 2 = 0. 

5.11. Determine 2 for Fig. P 3.5. Here o> 4 = 80 rpm, a 4 = 0. 

5.12. Determine the acceleration of slider 3 in Fig. P 5.12. The speed 
of 3 along link 2 is constant. 





Fig. P 5.12 



Fig. P 5.13 

60 radians per sec, co 2 /i = 25 radians per sec, 



5.13. In Fig. P 5.13, 

#3/1 = #2/1 = 0. 

(a) Determine Ap 2 without using Coriolis' law. 

(b) Determine Ap 2 using Coriolis' law. 

5.14. Determine A c for Fig. P 3.3. Here co 2 = 120 rpm, 2 = 0. 

5.15. Construct the acceleration polygon for Fig. P 4.21. Let the magnitude 
of the velocity VB = 1 in. and the acceleration AH = 1 in. The velocity and 
acceleration are both in the direction of V B in Fig. P 4.21. Use the graphical 
construction of Art. 5.6. 

5.16. Construct the acceleration polygon for Fig. P 4.25. Velocity VG 
ITJ- in., VF = 3 in. r AG = 2g- in., AF = 2^ in. Use the graphical construction 
of Art. 5.6. 



CHAPTER 6 



Velocity and Acceleration Graphs., 

Special Constructions, Analytical 

Methods 



In the preceding chapters, methods were developed for determining 
velocities and accelerations in mechanisms for a chosen phase. Usually 
it is necessary to determine the velocities and accelerations of the links 
for a complete cycle. This can be done by determining the values for a 
series of phases through the cycle, plotting these values, and drawing 
curves through the points. In this chapter, graphs and special con- 
structions will be considered. 

6.1. Graphical differentiation. A velocity- time graph can be 
obtained from a displacement-time graph, and an acceleration-time graph 
can be obtained from a velocity-time graph using graphical differentiation. 

A displacement-time graph is shown in Fig. 6.1. The velocity of 
point P is V = ds/dt. A line BD is drawn tangent to the curve at P. 
A line parallel to the time axis is drawn through B, and a line parallel to 
the displacement axis is drawn through D forming a right triangle BCD . 
The velocity is then 

v _ DCk_ 8 
BCkt 

The fact that DCk 8 and BCkt are not infinitesimal does not matter since 
they were constructed in such a manner that their ratio is equal to the 
ratio of the corresponding infinitesimal quantities. Their ratio gives the 
correct slope at point P. The velocity can be plotted to any scale 
desired. However, it is convenient to use a particular scale. The 
velocity graph derived from the displacement graph is shown below it. 
The velocity of P is plotted as DC. This can be done with dividers. 
The velocity scale corresponding to this is 

velocity of point on machine 



length of line on drawing that represents velocity 
DCks/BCkt ___ k, 
DC ~ BCkt 
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The velocity graph was obtained by constructing tangent triangles, using 
a constant value for BC, at a series of points along the displacement 
graph. A constant BC produces a constant k v scale. 



dsDCk s 




| c 

dt=BCk t H 



Time 




Time 



Fig. 6.1 

The acceleration graph shown below the velocity graph was obtained 




in the same manner. 



dF = FGfc. 
dt EFkt 



When the vertical leg of the triangle is used to represent the acceleration, 
the scale is 

k v 



FGk v /EFk t 

I in. = k a = ?7 



(6.2) 



FG EFk t 

The horizontal leg EF is again an assumed constant. The acceleration 
is indicated above as the tangential component since it is determined 
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from the change in magnitude of velocity. If the point moves in a 
curved path the normal acceleration must be determined in some other 
manner. 

The hypodermic gun shown in Fig. 6.2 is an example where graphical 
differentiation can be useful. In operation the nozzle is held against 
the flesh. When the springs are released they drive the piston forward 
at a high velocity causing the jet from the nozzle to enter the flesh. If 
certain assumptions are made the velocity of the jet can be calculated. 
The validity of the assumptions can be determined only by experiment. 
If a scale is attached to the frame and a pointer to the piston rod, a high- 
speed motion picture can be taken to obtain data for plotting a displace- 
ment-time graph. The velocity graph for the piston can be obtained by 



Fluid 




Scale 



Fig. 6.2 

using graphical differentiation. The velocity of the jet at any instant 
will be 

area of piston 



vel. of jet = vel. of piston X 



area of nozzle 



The constructions in the previous chapters can be made quite accu- 
rately since points are determined from intersecting lines. In graphical 
differentiation judgment must be used in drawing tangents. Sufficient 
points must be plotted and a smooth curve carefully drawn. The use 
of a reflecting bar will increase the accuracy. The cross section of the 
reflecting bar is rectangular. The bar is laid across the curve arid rotated 
to a position such that the visible curve and the reflection form a smooth 
curve. The edge of the bar is then normal to the curve. 

If the slope of the tangent to a curve is 74 (Fig. 6.3) and an error 
of 1 is made in drawing the tangent, the resulting relative error is 



relative error = 



tan 74 tan 



tan 74 



75\ 



100 = 7% 



At P 2 the relative error is approximately the same. The relative error 
curve for 1 error in the tangent is shown in Fig. 6.4. When the slope 
is small or large the relative error is large. For small slopes the absolute 
error is small. When the tangent is horizontal any error in drawing 
the tangent will produce an infinite relative error even though the abso- 
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lute error is negligible. Steep slopes should be avoided. This can 
usually be accomplished by choosing a suitable time scale. Errors made 
in deriving a velocity graph from a displacement graph are not cumula- 
tive. If an acceleration curve is derived from this curve and errors are 








10 



I! 



30 
Slop* , degrees 



60 



90 



Fig. 6.3 



Fig. 6.4 



made, the errors in the corresponding points for the two curves may be 
cumulative. 

6.2. Revolved polygon. When it is necessary to determine veloci- 
ties in a mechanism for many phases, or if in the early stages of design 
it is necessary to investigate similar mechanisms of different proportions, 
time can often be saved by using revolved polygons. In the revolved 
polygon the images are parallel to the links. The use of the revolved 
polygon will be illustrated with two examples. 

Example 1. A slider crank is shown in Fig. 6.5 (a). All data apply to the 
original drawing. The crank has uniform rotation of 200 rpm clockwise. The 
velocity of the piston C will be determined for 12 equally spaced positions of the 
crank. The velocity polygon for the number one phase is shown at (b). In 
(c) the polygon is revolved 90. The velocity images are parallel to the links. 
The velocity scale is calculated so that vector ob is equal to 2 B on the drawing. 



2.875 200 X 
12 X 



60 



5 fps 
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Since OJB on the drawing is 1.4375 in., the velocity scale is 
Lin. = k v = v 197 K = 3-48 fps 

1.4Ol O 

The revolved polygon is shown superimposed upon the original mechanism so that 
ob coincides with the crank. Line 2 c represents the magnitude of the velocity of 



. Velocity -spoce Groph 




C. For any position of the piston, point c is located on the vertical line through 
0% at the intersection with the connecting rod or the rod extended. The con- 
struction is also shown for position 7. 

The velocities for the 12 positions are plotted against time in Fig. 6.6. Since 
the crank rotates uniformly and the positions are equally spaced on the crank 



.Velocity -Tim* 




Fig. 6.6 

circle, the time intervals are equal. The time for one revolution is innr = 0.3 sec. 
The time axis is 6 in. long. The time scale is 1 in. = k t = 0.3/6 = 0.05 sec. 

Example 2. A quick-return mechanism is shown in Fig. 6.7 (a). Crank 2 
rotates with constant velocity. The velocity polygon is shown at (b) and the 
revolved polygon at (c). The velocity scale is chosen so that 062 is equal to 
O^Bz on the drawing (d). The revolved polygon is shown superimposed upon the 
mechanism. The line through 0* that is parallel to link 4 contains 64 and c 4 . 
Point 64 is located by drawing a perpendicular to link 4 through 6 2 . The inter- 
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section D is obtained by extending this line. A line through D and C locates c 4 . 
From similar triangles it can be shown that c 4 &4/&402 = C^B^/B^O^. Point c 5 is 
located on the perpendicular to link 4 passing through c. This construction can 
be used for all phases except for vertical positions of the crank. For these two 




Fig. 6.7 

position V BI can be laid off as shown, and Vc 6 can be determined from a gage 
line. For these phases Vc 4 Fc 6 . 

The time required for the stroke from left to right is the time required 
for the crank to turn through the angle 0. The time for the return stroke 
is the time required for the crank to turn through angle <t>. The ratio of 
these angles can be altered by altering the proportions of the mechanisms. 

There are no general rules for constructing a revolved polygon. A 
method must be developed for each mechanism. 

6.3. Polar velocity graphs. A slider crank is shown in Fig. 6.8. 
In the previous article it was shown that 0& represents the velocity of 
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the piston if the crank is turning uniformly and the velocity scale is 
chosen so that the velocity of B is represented by the length O^B on the 
drawing. These values can be plotted by rotating c about 2 to the 
crank. The resulting curves are shown. The velocity of the piston for 




Fig. 6.8 

any phase can be determined by drawing the crank in the phase and 
measuring the distance along the crank from Oi to the curve. 

As the ratio of the length of the connecting rod and crank is increased 
the motion of the piston approaches simple harmonic motion. The 
polar velocity graph approaches the circle shown. 

A four-bar linkage is shown in Fig. 6.9. The velocity of B is laid off 
radially outward along crank 2. When 2 rotates uniformly Bb is con- 




Fig. 6.9 

stant and the polar velocity graph for B is a circle with center at 2 . 
The velocity of C is Cc. Here c is the intersection of a line through b 
parallel to link 3, and link 4 extended. This is the parallel line construc- 
tion that was proved in Art. 3.7. Any velocity scale can be assumed. 
6.4. Angular velocity graphs. It is sometimes necessary to plot 
angular velocity graphs. A rapid method that can be used with many 
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mechanisms will be described. A Geneva stop is shown in Fig. 6.10(a). 
The driver, member 2, rotates with uniform motion. While 2 is rotating 
uniformly through one-fourth revolution, 4 is rotating with a variable 
angular velocity through one-fourth revolution; and 4 is stationary while 



.Driver 



7 /0 2 012345678 




2 is rotating through the remaining three-fourths revolution. The 
angular velocity time curve will be plotted for member 4. In Art. 2.12 
it was shown that the angular velocities of driver and follower are 
inversely proportional to the segments into which the common normal 
(line of transmission) cuts the line of centers. The constructions for 
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determining the intersections of the common normal and the line of 
centers are shown in (b) for positions to 4. For position 3 the angular 
velocity ratio is 

W4 = 2 Z) 

co 2 ~ OJ) 

Here co 2 is laid off vertically from 4 to a chosen scale. A line through 
C and D will intersect a vertical line through 2 at 12, forming similar 
triangles 0*CD and DE0 2 . Then 



0)4 



The 



and 2 E will represent co 4 on the same scale that 0C represents co 2 . 
angular velocity time graph is shown at (c). 

The Geneva stop shown at (d) has 6 slots; 3 will make ^ turn for each 
turn of 2. The line of transmission intersects the line of centers at M 
for the phase where motion begins. This will cause impact loading. 
Except for low speeds, member 2 should be designed with center 2 at M . 

6.5. Ritterhaus construction. The slider crank mechanism is of 
such importance that special constructions have been developed for rapid 




(d) 



Fig. 6.11 

determination of accelerations. One of these, the Ritterhaus construc- 
tion, is shown in Fig. 6. 11 (a). The crank rotates with uniform angular 
velocity. The velocity polygon is shown at (b) . The velocity scale was 
chosen in accordance with Art. 6.2; that is, the vector ob is equal to the 
length of the crank OB on the drawing. The acceleration polygon is 
shown at (c). Since there is no tangential acceleration of B, the image 
o'b' is parallel to OB. If the acceleration scale is chosen so that the 
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length of the vector o'b' is equal to the length of the crank on the drawing, 
the polygon, when rotated 180, will fit on the mechanism as shown in (a). 
The directions of all accelerations are reversed. The graphical construc- 
tion for determining normal accelerations (Art. 5.6) is shown at (d). 
The length of V B was made equal to the crank OB. It can be seen that 
the normal acceleration vector is also equal to the length of the crank. 
The scale relationship of Eq. (5.7) therefore holds for the Ritterhaus 
construction. 

The construction is made as follows: extend the connecting rod to 
the vertical center line through 0, obtaining intersection D; through D 
draw a horizontal line; extend the crank to obtain E] a vertical line 
through E intersects the connecting rod at F] a perpendicular to the 
connecting rod at F intersects the horizontal centerline at c'. This 
construction can be proved as follows. Triangles OCB and DBE are 
similar. Triangles DOB and BEF are similar. Then 
DB BE . BF BE 

____ . QT\(~i - - 

BC ~ BO BD ~ BO 

Eliminating BE/BO from these equations gives 

*2 = ?L or BF = ^ 
BC BD " BC 

where BD represents VC/B and BC is the corresponding radius. Hence 
BF = A C/B . 

This construction is indeterminate for the head-end and crank-end 
dead-center phases. The construction shown in Fig. 6.12 can be used 



A" 



Fig. 6.12 

to determine the piston acceleration for these phases. An examina- 
tion of the revolved polygon in (a) shows that A* C/B is zero for these 
phases. Since C has no velocity, V B /c = V B . Velocity V B is laid off 
from B and the graphical construction of Art. 5.5 is used to determine 
A n B/c . When this vector is rotated through 180 it becomes Ag /j5 . 
Since all the other vectors are reversed, this is consistent. 

The acceleration space graph is shown in Fig. 6. 11 (a). The SHM 
acceleration space graph for an infinite connecting rod is a straight line. 
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Sometimes it is necessary to determine the acceleration of a point on 
the rod such as P, the center of percussion. The line Be' is the accelera- 
tion image of the connecting rod. A horizontal line through P locates 
p f . In Fig. 6.12, p' is located by proportion. 

An offset slider crank mechanism is shown in Fig. 6.13. It is a quick- 
return mechanism. The ratio of the times for the two strokes is 6/4). 




Fig. 6.13 




Fig. 6.14 




Fig. 6.15 

A modified Ritterhaus construction can be used to determine accelera- 
tions in this mechanism. In Fig. 6.14 OBD is the revolved velocity 
polygon. In the construction DE is drawn parallel to OC. The proof 
given above applies. Point p'.is located by drawing a line through 
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P parallel to Cc'. When the crank and connecting rod are collinear the 
construction fails. For these two phases the construction can be made 
as shown in Fig. 6.15. Acceleration A% /B is determined as in Fig. 
6.12, and A' C/B is perpendicular to the terminus of A n c/B . Point c' 
must lie on the horizontal line through o. It is located as shown. 

6.6. Analytical analysis. Equations for linear and angular veloci- 
ties and accelerations can be obtained by differentiating displacement 
equations. The slider crank, Fig. 6.16, will be used to illustrate the 




Fig. 6.16 

method. Let n = L/R and m = h/L. A relationship between and 
</> is 

BD = L sin </> = / sin 6 
sin 8 



sin </> = 

II 

One of the fundamental trigonometric identities is 

cos <f> = (I sin 2 0)* 

rrn -L /i sin 2 0V 

Ihen cos <f> = I 1 5 I 

\ 2 / 

This can be expressed as a binomial series 

/ sin 2 0V _ 1 sin 2 6 1_ sin 4 

\ n 2 ) 2 n 2 2-4 n 4 

1 3 sin 6 



(6.3) 



1 -3-5 sin 8 



2-4-8 n 6 2-4-8-16 n 8 

When n = 4 and all terms are dropped but the first two; the maximum 
error in the accelerations calculations is about 0.6 per cent. Only the 
first two terms will be considered here. If greater accuracy is desired 
an additional term can be included. Then 



cos 



= - ( n x- sin 2 ) approximately 

71 \ 2iTi J 



(6.4) 
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The displacement of any point P on the connecting rod is 

x = R cos + h cos = R cos + - ( n - ^- sin 2 ) (6.5) 

n \ Zn / 

y = (L h) sin = ( J sin (6.6) 

Differentiating these equations with respect to time gives 

dx ( m \ 

V% = r A = Rut. [sin 6 + ^r-2 sin cos 1 

p ctt 2 \ ^2n ) 

= -#co 2 (sin + ^ sin 20 J (6.7) 

V v p = -^ = /2co2(l m) cos (6.8) 

If the angular velocity of the crank is constant, 

dV x / \ 

A* = ~-=j = -Ru^l cos + cos 20 J (6.9) 

A V P = 7-^ = jRco^l m) sin (6.10) 

The acceleration of the piston is obtained by substituting m = 1 in the 
above equations. 

A x c = -Ru\ (cos + - cos 20 j (6.11) 

4? = (6.12) 

It can be seen that when n is infinite the motion of the piston is simple 
harmonic. 

From Eq. (6.3) the angular displacement of the connecting rod is 

. , /sin 0\ 
<f> = sin l [ I 

\ n / 
The angular velocity of the connecting rod is 

_ d^ __ &l(l n 2 ) sin 
dt \n? sin ^0)^ 
and the angular acceleration is 

- n 2 ) sin fa ^ A . 



sn 
For most mechanisms an analytical analysis becomes quite tedious. 



PROBLEMS 

6.1. (a) Plot the velocity-space graph for the slider of Fig. P 6.1 (see Fig. 
6.5). The mechanism is to be drawn one-half size. Use 30 intervals for 6. 
Calculate the velocity scale. 
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(b) Plot the velocity-time graph. Let the velocity scale be the same as in 
part (a) and let the time axis be 6 in. long (see Fig. 6.6). Calculate the time 
scale. 

(c) Determine the acceleration-time graph using graphical differentiation. 
Let the horizontal leg of the tangent triangle be 1 in. Calculate the acceleration 
scale. 



0)3 * GOOr.p.m. 





Fig. P 6.1 Fig. P 6.2 

6.2. Same as Prob. 1, except Fig. P 6.2 is to be used. 

6.3. Plot the polar-velocity graph for the slider of Fig. P 6.1 (see Fig. 6.8). 

6.4. Same as Prob. 6.3 except Fig. P 6.2 is to be used. 

6.5. Plot the polar-velocity graph for point 0, Fig. P 6.5. Indicate the 
velocity scale used. 




Fig. P 6.5 

6.6. The center distance of driver and follower of a Geneva stop mechanism 
is to be 3 in. The driver is to rotate 5 times for each revolution of the follower. 
The driving pin is to enter the slot tangentially so that there will be no impact 
loading. 

(a) Draw a Geneva stop mechanism that meets these requirements. 

(b) Plot the angular velocity graph for the stop member for one-fifth revolu- 
tion. The time axis is to be 3 in. long and is to be divided into 6 equal time 
spaces. Use the method of Art. 6.4. The angular velocity of the driver is to 
be represented by a line 1-J- in. long. The speed of the driver is 140 rpm. Cal- 
culate the angular velocity scale. 

6.7. Plot the angular velocity graph for member 4 of Fig. P 6.5. Use 30 
intervals for 6. Apply the method of Art. 6.4. The angular velocity of member 
2 is to be represented by a line 2 in. long, and the time axis is to be 3 in. long. 
Calculate the angular velocity scale and the time scale. 
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6.8. Plot the angular velocity graph for member 3, Fig. P 6.5. Indicate the 
scale used. The time axis is to be 6 in. long and 30 intervals for 6 are used. 
The revolved polygon method can be used to obtain VB/C for each phase and the 
values plotted; co 3 /i = V B /c/BC. Since BC is a constant, the VB/C graph will 
represent the co 3 /i graph if the scale for it is calculated. 

6.9. Determine the velocity and acceleration of slider C, Fig. P 6.1, for 45 
intervals of 0. Draw the mechanism one-half size and use the Ritterhaus 
construction. 

6.10. Same as Prob. 9, but applied to Fig. P 6.2. 

6.11. Plot the angular acceleration graph for the connecting rod of Fig. P 6.1. 
Use 45 intervals for 6. Here AC /B can be taken from the Ritterhaus construction 
for each phase and plotted; a 3 /i = Ac/ B /CB. Since CB is a constant, the AC/ B 
graph will represent a 3/1 if the- scale for it is calculated. 

6.12. Same as Prob. 11, but applied to Fig. P 6.2. 

6.13. Using analytical methods, calculate the velocity and acceleration of 
the slider, Fig. P 6.1, for = 0, 45, 90, 180. 



CHAPTER 7 

Cains 



7.1. Introductory. A cam is a direct-contact machine element so 
formed that its prescribed motion imparts a prescribed motion to a 
follower. Within reasonable limits the motions of cam and follower can 
be arbitrarily chosen and the cam profile made to fit these conditions. 
Usually the cam rotates with uniform angular velocity. 




Fig. 7.1. The cams assembled on the shaft actuate and control most of the 
mechanical action of the Linotype. (Courtesy of Mergen thaler Linotype Co.) 

The previous chapters in this book deal largely with determination 
of motions of assumed linkages. Kinematic synthesis is the reverse of 
this; that is, the motion is assumed and the mechanism to give this 
motion is then determined. When pin-connected links are used it is 
often difficult or impossible to obtain the desired motion. In many 
cases satisfactory approximations can be obtained. Cam design is an 
example of a case where kinematic synthesis can be easily applied. 
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Fig. 7.2. Translation cam \vith reciprocating roller, follower. 

7.2. Classification. Most cams fall into one of the three major 
classifications. 

1. Disk cams 

2. Translation cams 

3. Cylindrical cams 

These types are illustrated in the pages that follow. 

7.3. Displacement diagrams. The displacement-time relationship 
of the follower governs the shape of the cam profile. This relationship is 
chosen to fulfill the requirements of the machine in which the cam mecha- 
nism is to be used. In many applications, as for example, the internal 
combustion engine valve cam, considerable latitude can be taken in 
choosing the type of motion. Four common types of motion are listed 
below. 

1. Constant acceleration 

2. Modified constant velocity 

3. Simple harmonic 

4. Cycloidal 

These will be considered in detail. 

7.4. Constant acceleration. A motion of constant or uniform 
acceleration is sometimes called gravity motion or parabolic motion. 
The equation of motion is 

o Art C7 \\ 

2 \* - L ) 

This is Eq. (2.14) with an initial velocity of zero. When A is the accelera- 
tion of gravity this is the equation of motion of a freely falling body that 
has started from rest. The graph of this equation is a parabola. For 
equal time intervals the distances traveled will be in the ratio 1, 3, 5, 
7, 9, ... The total distance traveled after each time interval will be 
1, 4, 9, 16, 25, ... The method of constructing a displacement-time 
diagram for this motion will be illustrated with an example. 

A follower is to move radially outward 1 in. with constant accelera- 
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tion while the cam turns through 90. (This can be any type of disk cam 
with reciprocating follower, as for example that of Fig. t7.9.) During 
the next 90 of cam rotation the follower is to continue to move outward 
with constant deceleration and is to have zero velocity at the end of this 
time. The follower is to return with constant acceleration and decelera- 
tion during the next 150 of cam rotation. The follower dwells or rests 
during the remaining 30 of cam rotation. The graph is shown in Fig. 
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Fig. 7.3 

7.3 (a) . It is assumed that the cam rotates with constant angular velocity. 
Equal angular displacements can then be represented by equal time 
intervals. The abscissa represents one revolution of the cam. Each 
division represents the time required for the cam to turn through 30. 
The first portion of the curve is a plot of Eq. (7.1), starting with t = 
and s = 0. It starts at B with a horizontal tangent and terminates at C. 
This curve can be constructed by drawing any line between the time 
axis and a horizontal line through C that can be conveniently divided into 
9 equal lengths. Points 1, 4, and 9 are projected as shown. The curve 
CD is constructed in the same way. The two curves BC and CD have 
a common tangent at C. This results from equal distances moved during 
acceleration and deceleration in equal time intervals. 
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The follower returns from D to E in 2^ time intervals. For conven- 
ience the intervals 6-7 and 7-8 are divided to give a total of 5 equal 
lengths. Points 1, 4, 9, and 25 are projected as shown. Curve EF is 
constructed in the same manner. Here FB represents a dwell. 

The velocity and acceleration graphs are shown at (b) and (c). The 
maximum acceleration occurs between D and F. Assuming that the 
cam is rotating 100 rpm the acceleration can be determined as follows. 
The distance traveled from D to E is T V ft. The corresponding time is 



2.5 
12 



X 



_60 

100 



= 0.125 sec 



2S = 2 XA 
< 2 (0.125) 2 



- 10.3 fps 2 



Its 



The maximum velocity occurs midway between points 8 and 9. 
value is 

V = At = 10.3 X 0.125 = 1.29 fps 

7.5. Modified constant velocity. The displacement, velocity, and 
acceleration diagrams for a follower having constant outward velocity 
for one-half revolution of the cam, constant return velocity for 150, and 
dwell for 30 are shown in Fig. 7.4. Theoretically the velocity changes 
instantaneously, causing an infinite acceleration. This is of course 
impossible; the parts would deform and reduce the acceleration to a 
finite value. Except at low speeds there would be impact loading and 
large forces. This type of motion should be avoided if possible. Part 




9 Time 



Fig. 7.4 

of the follower motion can be constant if the follower is brought up to 
speed and then brought to a stop over a period of time. This motion is 
called modified constant velocity. The construction of a displacement- 
time diagram for this type of motion will be illustrated with an example. 
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A follower is to move outward 2 in. It is to be constantly accelerated 
for 60, then move with uniform velocity for 30, then decelerate for 
90 of the cam rotation. The return motion is to be constant accelera- 
tion for 60 and constant deceleration for 90. The follower is to dwell 
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Fig. 7.5 

for the remaining 30. The displacement, velocity, and acceleration 
graphs are shown in Fig. 7.5. Here BC represents constant acceleration. 
A terminal velocity V is attained at C, and CD is a continuation of this 
terminal velocity. Here DE is constant deceleration. Points C and D 
are located on a straight line through H and J, the mid-points of the 
acceleration and deceleration periods. This results from the fact that 
a point moving with constant velocity V through a distance S requires 
only half as much time as a point starting from rest and accelerating 
uniformly through the same distance and attaining the same velocity. 
This can be shown as follows : HC represents uniform velocity ; the equa- 
tion of motion is 



and for BC, 
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V = 
These three equations give 



= titz or = * 

For the return motion, F is located by drawing a line through K and 
L, the mid-points of the acceleration and deceleration periods. 

7.6. Simple harmonic motion. This motion was discussed in 
Art. 2.5. The method of constructing a SHM (simple harmonic motion) 
graph will be illustrated with an example. A follower is to move out- 
ward 2 in. with SHM while the cam turns through one-half revolution. 
The follower is to return with SHM during the next 150 and then dwell 
for 30. The displacement, velocity, and acceleration graphs are shown 
in Fig. 7.6. Use is made of the fact that the projection on the diameter, 




II 12 



(o) 




of a point moving with constant speed on a circle, is harmonic motion. 
A semicircle is drawn on the left end of Fig. 7.6(a). It is divided into 
6 equal sectors corresponding to the 6 equal time intervals on the time 
axis. The points on the semicircle are projected as shown to determine 
the curve. The follower returns in 5 time intervals. The semicircle 
on the right is divided into 5 equal sectors corresponding to these time 
intervals. 
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The maximum acceleration occurs at the beginning and end of the 
return stroke. It can be determined as follows. Assume that the speed 
of the cam is 100 rpm. The time for the return stroke is 

^ X T 5 ^ = 0.25 sec 

During this time the imaginary point that is used for projection moves 
around the semicircle, or TT radians. The angular velocity of this point 
is 

7T 



co = 7"? 



radians per sec 



The acceleration is 

A = ro> 2 cos - A(47r) 2 = 13.2 fps 2 

7.7. Cycloidal motion.* Cycloidal motion is defined by the 
equation 

^ /S ^. 2/ir6 ,- ~^ 
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* J. A. Hrones, "An Analysis of the Dynamic Forces in a Cam-Drive System/' 
Paper 47-A-46, Trans. ASME, 1948. 
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where 60 is the angle turned through by the cam corresponding to the 
total displacement S, and 6 is any intermediate angle corresponding to a 
displacement s. Curve C in Fig. 7.7 is the displacement graph that is 
obtained from this equation. The curve can be obtained graphically. 
The broken line B represents the first term in Eq. (7.2). The construc- 
tion for the second term is similar to that for harmonic motion. The 
displacements are superimposed on line B. The radius of the circle shown 
at the left is S/2ir. It is divided into sectors corresponding to the inter- 
vals on the time axis. The points on the circumference are projected 
to the vertical centerline of the circle and then parallel to line B, to the 
corresponding lines on the time axis. The resulting curve is C. 

7.8. Selection of motion. Some of the factors that must be con- 
sidered in selecting a motion are functional requirements, speed, mass 
of moving parts, external loads, elasticity of parts, and cost of manu- 
facture. When operating speeds are low, selection of the motion is 
usually not critical. All types of motion cannot be used at high speeds. 
The finite instantaneous changes in acceleration may lead to vibration 
and noise. Harmonic motion has a higher peak acceleration for a given 
lift in a given time than a motion of uniform acceleration and decelera- 
tion. It can be used for higher speeds if the outward and return motions 
each equal 180 of cam rotation. When this is not true the acceleration 
graph is discontinuous, as shown in Fig. 7.6. Cycloidal motion has a 
higher peak acceleration than harmonic motion but there are no discon- 
tinuities in the acceleration graph. 

In the above examples deformation of the parts was not considered. 
Deformations are always present and sometimes they may be large. 
Actually in a large radial aircraft engine at take-off speed, the sum of the 
forces due to inertia, valve-spring force, and gas pressure may be a ton or 
more, resulting in deflections of the order of ^ in. at the valve. A method 
has been developed for determining a motion that compensates for 
deflections and produces smooth action at high speeds.* 

7.9. Cam profile determinations. After the displacement diagram 
and type of follower are chosen to fulfill the requirements of the machine, 
the cam profile is determined. To simplify the work inversion is used. 
Instead of a fixed frame and a rotating cam the cam is fixed and the 
frame is rotated in such a manner that the relative motions of the parts 
are unchanged. When this concept is grasped cam layout becomes very 
simple. Several examples will be considered. The technique used by 
the author in some of the examples is not necessarily the only way of deter- 
mining the cam profiles. The reader can probably develop variations. 

7.10. Disk cam with reciprocating knife-edge follower. This 
type of cam and follower is shown in Fig. 7.8. The displacement graph 

* W. M. Dudley, "New Methods in Valve Cam Design," SAE Quart. Trans., 
January, 1948, Vol. 2, No. 1, p. 19. 
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for one revolution of the cam is shown. The diagram is divided into 12 
equal time intervals and the cam is divided into 12 corresponding equal 
angles. The displacements for the 12 positions are projected on the 
centerline of the follower as 0', 1', 2', 3', etc. This is called the displace- 
ment scale. The distance from the point of the follower in its lowest 
position to the center of the cam is the radius of the base circle. When 
the cam is rotated clockwise the follower is to move according to the 
displacement scale. When the cam turns clockwise 2 spaces, the edge 




Fig. 7.8 

of the follower is to be pushed to position 2'. To produce the same rela- 
tive motion with the cam fixed the frame is rotated CCW 2 spaces and 
the edge of the follower is moved radially out a distance 0'2'. This 
locates point 2'" a point on the cam profile. Points 1'", 3'", 4'", etc. 
are determined in the same manner. A smooth curve through these 
points is the cam profile. For greater accuracy more points should be 
located for drawing the profile. 

Knife-edge followers are subject to excessive wear and are not prac- 
tical in most applications. 

7.11. Disk cam with reciprocating roller follower. This type of 
cam and follower is shown in Fig. 7.9(a) . The follower is to move radially 
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according to the scale indicated on the centerline. The lowest point on 
the scale, 0', is at the center of the roller, and O'O is the radius of the base 
circle. The centers of the roller for the other positions, 1'", 2"', 3'", 
etc. are determined as in the previous example. A smooth curve through 
these points is the pitch profile of the cam. Arcs with radii equal to the 
roller radius are struck from these points. The envelope of these arcs is 
the cam profile. It is necessary to determine first the pitch profile, 
because contact between cam and follower is not on the radial line through 




Fig. 7.9 

the center of the roller except during periods of dwell. When the fol- 
lower is moving, contact is shifted to one side or the other. This results 
in a pressure angle shown as 6 for position 3'". The resultant force 
between cam and roller, neglecting friction, will lie along the common 
normal. This produces an undesirable side force on the follower that 
tends to cause it to bind in its guide. The pressure angle can be reduced 
by increasing the radius of the base circle. This is shown at the left 
of the figure. Then is reduced to 0'. This is because the follower 
movement is produced by a greater length of cam profile; 3-4 is greater 
than 3"'-4'". 
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In Fig. 7.9(b) the follower is shown in an offset position. The cam 
profile is determined as before, with one additional construction for each 
roller center. This is shown for position 1. An arc with as the center 
and radius of 01' is drawn locating point x. The offset I'x is used to 
locate V" as shown. 

7.12. Disk cam with reciprocating flat-face follower. This is 
shown in Fig. 7.10. The cam is to turn clockwise and move the follower 




Fig. 7.10 

according to the scale on its centeiiine. Points 1'", 2'", 3'", etc. are 
determined as in the previous examples. At each of these points a line 
normal to the radial line is drawn. The envelope of these lines is the 
desired cam contour. 

The diameter of the flat face must be of sufficient size to reach the 
point of contact in all phases. This is determined by inspection. In 
phase 8 the point of contact is farthest from the radial line. This is 
indicated R minimum. The flat face should be made a little larger. 

A portion of the side view of the cam and follower is shown at (b). 
A small offset as shown is often used to produce rotation of the follower. 
This results in more uniform wear. 
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7.13. Disk cam with oscillating flat-face follower. This mecha- 
nism is shown in Fig. 7.11. The cam is to turn clockwise and the follower 
is to oscillate according to the scale indicated. An angular scale can be 
used but it is usually more convenient to work with arc lengths that 
represent the corresponding angular values. The flat face extended is 
tangent to a circle of radius r with center at 0'". The construction for 
phase 3 (90 CW rotation of the cam) is shown. Point 3'" is located by 




Fig. 7.11 

any convenient means 90 CCW from 0'". Point 3" is the intersection 
of arc of radius 03' with as the center and the arc of radius R with 3'" 
as the center. A line through 3" tangent to the circle of radius r with 
center at 3'" is the correct position for the follower face. The construc- 
tion for position 7 is also shown. 

7.14. Disk cam with two followers. The base circle of a cam with 
primary and secondary followers is shown in Fig. 7.12. The offset is 
too large to use a single follower as was done in Fig. 7.9. The scale for 
the required motion of the secondary follower is shown on the centerline 
as 0', I', 2', etc. This scale is transferred to the primary follower on any 
convenient arc with as the center. The construction for phases 0, 5, 
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Fig. 7.12 

and 7 are shown. The cam profile is then determined from the primary 
follower as in the previous example. 

7.15. Design limitations. The usual procedure in cam design is to 
assume the displacement scale, the type of follower, and the base circle. 
These assumptions are not always compatible. When this is the case, 
modification of one or more of the assumptions will usually lead to a 
practical solution. 

In Fig. 7.13(a) the assumptions produced the pitch profile with a 
point at B. It can be seen that the working profile will not force the 
roller along the pitch contour to the point B. The center of the roller 
will follow the dotted path shown. The desired motion can be approached 
by making the base circle larger or by making the diameter of the roller 
smaller. 

In (b) the reciprocating flat-face follower is to move according to 
the scale indicated. The radius of the base circle is R\. The follower 
face is drawn in the different positions 1", 2", 3", etc. It can be seen 
that a smooth curve cannot be drawn tangent to all these, since 3" lies 
beyond the intersection of 2" and 4". When the radius of the base circle 
is increased to R% the new positions 2'", 3'", 4"' are satisfactory. 
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Fig. 7.13 
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7.16. Positive return cams. In the previous examples the return 
motion of the follower was not positive. An external force such as a 
spring force is required to maintain contact between cam and follower 
during portions of the cycle. Abnormal conditions such as lack of 
lubrication or spring failure may occur and the follower may not return. 
In some applications this would do no damage. In applications where 
damage would result, mechanical restraint should be introduced for the 
entire cycle. 

A constant diameter cam is shown in Fig. 7.14. The two rollers 
produce constraint over the entire cycle. This type of cam requires 
that the outward and return motions be the same. The outward motion 
is according to the given displacement graph, points to 6. The cam 
profile for this motion is determined in the usual manner. Distance B 




^ 



Fig. 7.15 
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Fig. 7.16 

is equal to the sum of the base circle diameter and the total displacement. 

Centers 7", 8", 9", etc. are located by 
making 1"7" = 2"8" - 3"9", etc. = B. 
This construction produces a return 
motion that is the same as the outward 
motion. 

If the outward and return motions 
are to be different, two cams must be 
used as shown in Fig. 7.15. The entire 
profile of the cam shown solid is deter- 
mined in the usual manner. The second 
cam, shown by a broken line, is deter- 
mined by letting O'O" = IT' = 2'2", 
etc. = B, a constant. 

Another type of positive return cam 
is shown in Fig. 7.16. The roller 
follower is constrained to move in the 
groove. This mechanism has an un- 
desirable feature in that each time the 
roller changes contact from one side of 
the groove to the other its direction of 
rotation is reversed. 




Fig. 7.17 



The eccentric cam shown in Fig. 7.17 produces constrained simple 
harmonic motion. 
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7.17. Auxiliary linkages. The maximum angular displacement of 
an oscillating follower is usually about 45. A larger angular motion 
can be obtained with an auxiliary linkage. One type is shown in Fig. 
7.18(a). The assumed </> scale is transferred to the primary follower 3. 




(a) 



(b) 



Fig. 7.18 



The cam profile is determined from this. A greater displacement ratio 
can be obtained with gears as shown at (b). 

7.18. Automotive cams. A typical automotive valve cam for use 
with a flat-face follower is shown in Fig. 7.19. It is symmetrical about 
the vertical centerline. Portions BC, CD, and EF are circular arcs of 




Cloranct 



Fig. 7.19 



radii RI, R 2 , and 72 3 , respectively. The portion of the profile from D to 
E is called the ramp. The radial distance of this curve from the center 
of the cam increases at a uniform rate from E to D. For the average 
cam this increase is about 0.0006 in. per degree. This produces a slow 
lift and closes the gap between the follower and the valve stem. When 
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hydraulic valve lifters are used the clearance and ramp are unnecessary. 
When hydraulic lifters are not used the clearance is necessary to allow 
for inaccuracies in adjustment and unequal expansion of the engine parts. 
A hydraulic valve lifter automatically adjusts itself for these conditions. 

Under ideal conditions the valve lift begins at D. The follower 
motion consists of portions of harmonic motion cycles. The acceleration 
graph is discontinuous. This type of valve cam is not always satisfac- 
tory at high speeds. 

7.19. Cylindrical cams. Cylindrical cams are made by machining 
grooves in a cylinder, Fig. 7.20, or by fastening guide strips on the outside 
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Fig. 7.20 

of a cylinder, Fig. 7.22. The cam in Fig. 7.20 drives a reciprocating roller 
follower. If the roller is a cylinder it will not have rolling contact with 
the side of the groove. If the roller is a frustum of a cone with the apex 
on the axis of the cam, it will have rolling contact with the side of the 
groove during periods of dwell, e.g., when the groove is circular, and 
approximate rolling when the groove is a helix. (Rolling cones will be 
considered in the next chapter.) 

When the cam in Fig. 7.20 turns one revolution it is to move the 
follower according to the displacement graph B. The displacement scale 
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is drawn full size and the length of the time axis is equal to the circum- 
ference of the cam cylinder. Curves C and D are obtained by drawing 
arcs equal in radius to that of the roller. If this diagram is wrapped 
around the cylinder it can be used as a template for scribing lines to 




Fig. 7.21. Fay automatic lathe. (Courtesy of Jones & Lamsoii Machine Co.) 






Fig. 7.22. (Courtesy of Jones & Lam son Machine Co.) 

outline the groove that is to be cut. Cams are usually made in a different 
manner as shown in Fig. 7.23. In this illustration the groove is being 
cut with a conical milling cutter. Rotation of the disk cam or former 
shown at the lower left produces a vertical motion of the head that carries 
the cutter. Rotation of the former and the cam blank are coordinated 
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Fig. 7.23. Cam milling machine. (Courtesy of How bottom Machine Co.) 

through a gear train. The profile of the former is designated to produce 
the required groove for the particular cam being cut. 

7.20. Coordinated cams. Each of the cams in Fig. 7.1 is designed 
to produce specific movements in the Linotype machine. The coordina- 
tion of these movements was considered in the determination of each 
displacement diagram. The cams are assembled with the correct angular 
relationship to produce the correct sequence of motions throughout the 
machine. 

This is also true of the cylindrical cams on the Fay automatic lathe, 
Fig. 7.21. This lathe is completely automatic. The operator places 
the work in the machine and pulls the starting lever. All necessary 
operations are performed automatically, including stopping the lathe 
when the part is finished. A set of cams must be designed for each 
product that is to be machined. The cams are easily attached to the 
drums by means of capscrews. 

If a point on a follower is to move according to arbitrarily chosen 
vertical and horizontal scales two cams must be used. An example is 
shown in Fig. 7.24. Two cams are to move the pen so that it writes the 
word "Jets." Points 0, 1, 2, 3, etc. are selected to outline the word. 
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The two cams can then be laid out simultaneously by using the methods 
of the previous examples. Another method is to construct the mecha- 
nism except for the cams. Circular disks of cardboard, wood, or sheet 
metal are placed on the cam axis. When the pen is placed on a numbered 
point the disks are turned to the corresponding displacement and points 



Pen 




1 


r/ 






Base 



Wedges 



Fig. 7.24 

A and B marked. The arm carrying the pen can be lifted from the paper 
for those portions of the word shown dotted by fastening wedges on the 
under surface of the cam and the base. 



PROBLEMS 

7.1. In this problem various types of displacement time graphs are to be 
constructed. The displacements are to be IT in. and 30 intervals are to be used. 
In some cases it will be necessary to divide some of the 30 intervals into smaller 
units. The motions are arbitrarily chosen to give practice in plotting these 
types of graphs. 

(a) Outward, constant acceleration 75 and constant deceleration 75, dwell 
60, return, constant acceleration 60 and constant deceleration 60, dwell 30. 
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(b) Outward, constant acceleration 30, constant velocity 90, constant 
deceleration 60, return, constant acceleration 120, and constant deceleration 
60. 

(c) Outward, constant acceleration 60, constant velocity 60, constant 
deceleration 30, dwell 30, return, constant acceleration 60, and constant 
deceleration 120. 

(d) Outward, constant acceleration 60, constant velocity 30, constant 
deceleration 90, dwell 30, return SHM 150. 

(e) Outward, SHM 120, dwell 30, return, SHM 180, dwell 30. 

(f) Outward motion -f- in. SHM 60, dwell in this position 30, remainder of 
outward motion SHM 90, return SHM 150, dwell 30. 

(g) Outward, cycloidal 180, dwell 30, return cycloidal 120, dwell 30. 
(h) Outward, cycloidal 210, return, cycloidal 150. 

7.2. Determine the maximum velocity and acceleration of the follower in 
feet and seconds during the outward and during the return motion for: 

(a) Prob. 7.1 (a). Speed of cam 350 rpm. 

(b) Prob. 7.1(b). Speed of cam 600 rpm. 

(c) Prob. 7.1(c). Speed of cam 400 rpm. 

(d) Prob. 7.1(d). Speed of cam 700 rpm. 

(e) Prob. 7.1(e). Speed of cam 650 rpm. 

(f) Prob. 7.1(f). Speed of cam 850 rpm. 

7.3. (a) Differentiate Eq. (7.2) and obtain equations for velocity and accelera- 
tions of the follower. 

(b) Same as Prob. 7.2 but applied to Prob. 7.1 (g). Speed of earn is 600 rpm. 

(c) Same as Prob. 7.2 but applied to Prob. 7.1 (h). Speed of cam is 400 rpm. 

7.4. In this problem cam contours are to be laid out graphically, using 
methods described in the book. The type of follower is indicated by specifying 
Figs. P 7.1, P 7.2, P 7.3, P 7.4, or P 7.5. The follower motion is indicated by 
specifying Prob. 7.1 (a), (b), (c), (e), or (f). The direction of the cam is indicated 
as CW (clockwise) or CCW (counterclockwise). Oscillating follower displace- 
ment scales are to be laid off on an arc of 3^-in. radius unless otherwise specified. 

(a) Fig. P 7.1, Prob. 7.1 (a), CW. 

(b) Fig. P 7.1, Prob. 7.1 (b), CCW. 

(c) Fig. P 7.1, Prob. 7.1(a), CW, follower offset in. to the left. 

(d) Fig. P 7.2, Prob. 7.1 (a), CW. Determine the maximum pressure angle. 

(e) Fig. P 7.2, Prob. 7.1 (a), CW, follower offset i in. to the right. Determine 
the maximum pressure angle. 

(f) Fig. P 7.2, Prob. 7.1(b), CCW. 

(g) Fig. P 7.2, Prob. 7.1 (c), CW. 
(h) Fig. P 7.3, Prob. 7.1 (a), CW. 

(i) Fig. P 7.3, Prob. 7.1(a), CCW. 

(j) Fig. P 7.3, Prob. 7.1 (b) CW. 

(k) Fig. P 7.3, Prob. 7.1 (e), CCW. 

(1) Fig. P7.4, Prob. 7.1 (a), CW. 

(m) Fig. P 7.4, Prob. 7.1 (a), CCW, the follower to oscillate through an angle 
of 15. 
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(n) Fig. P 7.4, Prob. 7.1(b), CW. 

(o) Fig. P 7.4, Prob. 7.1(f), CCW. 

(p) Fig. P 7.5, Prob. 7.1(a), CW. 

(q) Fig. P 7.5, Prob. 7.1 (a), CCW, the follower to oscillate through an angle 
:>f 20. 

(r) Fig. P 7.5, Prob. 7.1(e), CW. 

(s) Fig. P 7.5, Prob. 7.1(f), CW. 

(t) Fig. P 7.5, Prob. 7.1 (b), CCW, the follower to oscillate through an angle 
jf 20. 




Fig. P 7.1 




Fig. P 7.3 




Fig. P 7.2 




Fig. P 7.4 




Fig. P 7.5 
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7.5. Lay out the contour of a positive return cam that is similar to Fig. 7.14. 
Here B is 4 in. and the roller diameters are T in. The displacement is 1 in., 
and the outward motion is constant acceleration 60, constant deceleration 90, 
dwell 30. The cam rotates CCW. 

7.6. Lay out the contour of a positive return cam that is similar to Fig. 7.15. 
Here B is 4-ff in. and the roller diameters are 1 in. The displacement scale is 
that of Prob. 7.1 (a). The cam rotates CCW. 



CHAPTER 8 



Rolling Contact 



8.1. Introductory. A study of bodies having rolling contact is of 
value for several reasons. Rolling bodies are used to transmit power and 
produce desired motions; they are used in machine elements such as ball 
and roller bearings; an understanding of rolling bodies is necessary for 
the development of the theory of gearing. 

8.2. Conditions of pure rolling. In Art. 2.16 it was shown that 
rolling contact exists when the point of contact lies on the line of centers 
of the two bodies. When the centers of rotation of the two bodies are 
fixed it is obvious that the sum of the contact radii is constant. When 
pure rolling exists there is no slipping, the lengths of arcs making con- 
tact in any interval of time must therefore be equal. It was shown in 
Art. 3.8 that the point of contact is the instant center of the two bodies. 

8.3. Rolling cylinders. A cylinder or ball rolling on a plane is the 
simplest type of rolling contact (Fig. 8.1). The plane can be considered 






Fig. 8.1 Fig. 8.2 Fig. 8.3 

a cylinder with its center at infinity. When cylinder 2 is rotated once, 
it moves over the plane a distance equal to its circumference. Rolling 
external cylinders are shown in Fig. 8.2 and an external and internal 
cylinder in Fig. 8.3. 

In Fig. 2.24 rolling contact exists for the phase shown. When 2 is 
turning CCW there is a component of motion along the common normal 
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in the direction of the follower. In Figs. 8.2 and 8.3 the common normal 
lies along the line of centers. The direction of motion of the point of 
contact in the driver is along the common tangent. Positive driving 
does not exist; force is transmitted by means of friction. In some appli- 
cations this is undesirable and in others desirable. Friction wheels could 
not be used to drive the camshaft of an automobile engine. In some 
cases where overloading of a machine is possible, friction wheels or other 
friction drives can be used as safety devices. The friction drive is 
designed to slip before any of the machine parts are damaged. 

Large forces can be transmitted by means of rolling friction drives. 
The force that is required to move a freight train is transmitted through 
rolling friction of steel on steel. In general, rolling friction drives are 
not used to transmit large forces because of high bearing loads that are 
present in this type of drive. 

In Art. 2.16 it was shown that for bodies having rolling contact the 
angular velocity ratio of driver and follower is inversely as the contact 
radii. 

W 2 7? 3 (a ~i\ 

77 ~ 77" t 8 - 1 ) 

C03 /t/2 

If the center distance and angular velocity ratio are known, the radii of 
the cylinders can be found as follows. If the cylinders are to rotate in 
opposite directions, external cylinders must be used (Fig. 8.2) then 

#2 + #3 = 2 3 
R 9 = 2 3 - Ri 
Substituting this in Eq. (8.1) gives 

o>2 = 2 03 ~ Rt = 2 0_ 3 _ l 

C03 /L2 R% 



i - T r- ----- -v . 

1 + C02/C03 

If the cylinders are to rotate in the same direction an internal and an 
external cylinder must be used (Fig. 8.3). Following the procedure for 
external cylinder gives 

R ,= <M* ( 8 .3) 





8.4. Rolling cones. Cones can be used to transmit motion between 
shafts with intersecting axes. In Fig. 8.4 the frusta of two cones are 
shown connecting shafts that intersect at an angle 0. The cones have 
a common apex at D. If there is pure rolling contact at P the angular 
velocity ratio will be 

co 2 = PC 

co 3 PB 
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Rolling will occur at all other points of contact P' on the line of contact 
since, from similar triangles, 

P'C' _ PC 

P'B' "" PB 

If the cones do not have a common apex the above relationship does not 
hold. A common apex is therefore a necessary requirement for rolling. 

Cylinders can be considered cones with a common apex at infinity. 

The most common problem is to design a pair of cones to transmit 
motion between shafts that intersect at a specified angle at a specified 
angular velocity ratio. For the case of external cones, Fig. 8.4, the 
directions of rotation of the shafts have an opposite sense. 





Fig. 8.4 

The cone angles /3 and 6 can be expressed as 



sin = ; and 



sin v = 



Fig. 8.5 



PC 
PD 



Then 



sin j3 _ BP _ coj _ sin (0 (?) 
sin PC co 2 sin 



This can be written in the form 

sin </> cos cos </> sin _ cos 
sin 6 co 2 

Dividing numerator and denominator by cos and solving for tan gives 

tan e = *+ (8.4) 

C03/C02 + COS <f> 

If the directions of rotation of the shafts are to have the same sense 
an internal and an external cone must be used (Fig. 8.5). For this case 
the relationship is 

sin </> 



tan 6 = 



W3/C02 ~~ COS <t> 



(8.5) 
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The cone angles can also be determined graphically. In Fig. 8.6 
external cones are to be made such that 

0)3 __ 3 
0)2 2 

Distances DF of three units and DE of two units are laid off on the respec- 
tive cone axes, and P is located at the intersection of lines through E 





Fig. 8.6 



Fig. 8.7 



and F parallel to the axes. The construction can be proved as follows. 
Triangles EPB and FCP are similar. Then 



a; 2 PC FP DE 
The contact radii PB and PC are therefore correctly proportioned. 

Q 

The construction for an internal and external cone of ratio of = -~ 



is shown in Fig. 8.7. 



0)2 




Fig. 8.8 

Tapered roller bearings, Fig. 8.8, turn with rolling contact. Each 
point in a set of rolling cones remains a constant distance from the 
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common apex. Each point therefore moves on the surface of a 
sphere. 

As is the case of circular cylinders, cones of circular cross section do 
not have positive driving. Motion is transmitted by means of friction- 
A differential mechanism that is used in radar computing machines is 
shown in Fig. 8.9. Cones A and B are driven by means of selsyns, 




Fig. 8.9 

The input motions must be transmitted with a high degree of accuracy. 
Since the torques are small, slipping is negligible and the mechanism is 
satisfactory. 

8.5. Disk and roller. A disk and roller mechanism is shown in 
Fig. 8.10. There is pure rolling at only one point on the line of contact. 
This point is approximately at the center of the roller. The angular 
velocity ratio will be 

C02 _ /?3 
0)3 Rz 

The angular velocity ratio can be changed by shifting the roller along its 
axis. When the roller is shifted to the opposite side of the centerline of 
the disk, shown dotted, the directional relationship is reversed. 

In Fig. 8.11 an intermediate ball is placed between the roller arid the 
disk. This produces point contact and pure rolling exists. The desired 
angular velocity ratio is obtained by shifting the ball along its axis, 
parallel to the roller axis, by means of a guide. A mechanism of this 
type (Fig. 8.12) is used in radar computing machines. The rolling ele- 
ments are pressed together by means of the spring at the top. 
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Fig. 8.11 




Fig. 8.12 
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8.6. Hyperboloids. Two hyperboloids are shown in Fig. 8.13. 
Hyperboloid 2 is generated by rotating line A-A about axis B-B. The 
distance R% and angle are held constant during rotation. Hyper- 
boloid 3 is generated by rotating line A-A about axis C-C; /2 3 and are 
held constant. The minimum circles of radii R% and /2 3 are called gorge 
circles. It can be shown that if the hyperboloids are to fit together with 
contact along A-A as shown in Fig. 8.13, these radii must be proportional 
to the tangents of the angles made by line A-A with the axes, i.e., 

Rz _ tan <t> 



tan 6 



(8.6) 



The pitch surfaces of hypoid gears are portions of hyperboloids. 
Pairs of rolling hyperboloids are used in steel mills for straightening rods 
and tubing. 




Fig. 8.13 Fig. 8.14 

8.7. Rolling ellipses. Two equal ellipses if initially placed together 
as shown in Fig. 8.14(a) will roll together; 2 , $2, 3 , and Q 3 are foci. 
The center distance 0^0 z is equal to the major axis of each ellipse. One 
of the properties of an ellipse is that the sum of the distances from any 
point on the circumference to the foci is equal to the major axis. Since 
the two ellipses are equal, O^P* + PzQ2 = 0-JPz + P$Qz = major axis = 
2 3 . 
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If the points P 2 and Pa are chosen such that the elliptical arcs PP 2 
and PP* are equal, then from the symmetry of the figure 

OaPa = P 3 Q 3 and P 2 Q 2 = PsOa 
Hence OJ>2 + P 3 3 = 2 3 

The conditions for pure rolling are therefore satisfied. 

At (b) the ellipses are shown with 3 displaced through angle 0. If 
the ellipses are replaced with the linkage 3 Q 3 Q 2 02, links 3 Q 3 and 2 Q 2 
will have the same relative motion as the ellipses. This is true since 
Qfi + PsQs is a constant and link Q 2 Qs always intersects the line of 
centers at the point where the ellipses are in contact. 

8.8. General case of rolling curves. The general case can be con- 
sidered in three ways depending on the requirements: 

1. The angular displacement relationship is chosen for one cycle. 

2. The angular velocity relationship is chosen for one cycle. 

3. For a finite number of points in the cycle both the displacement 
and velocity relationships are chosen. 

These cases will be considered separately. 

1. Angular Displacement Relationship. An example will be used to 
illustrate this method for determining the contours of rolling bodies. 
An assumed displacement curve is shown in Fig. 8.15, and the rolling 
curves are shown in Fig. 8.16. The 6 axis represents the displacement of 
member 3 and the </> axis represents the displacement of member 2. 
Both axes are 360 in length so that rotations can be continuous. Points 
to 7 were chosen for plotting. The corresponding displacements 0i, 
2 , #3, ,01,02,^3, . . . were measured and laid off in Fig. 8.16. The 
lengths of the radii are determined from the slopes and the relationships 

ro + R Q = Tl + Ri = r 2 + 72 2 = ... = 2 3 

and TO/RQ = slope at point 0, r\/R\ slope at point 1, etc. The driver 
usually rotates with constant angular velocity. Even when this is not 
true one of the axes can be considered a time axis, since an angular velocity 
ratio is desired. It is necessary that the two displacement scales be 
equal. The slope at point is 72. In the original drawing 2 3 = 4 in. 

tan 72 = 3.08 = -, R<> + r = 4 in. 

/to 

r = 3.02 in., R Q = 0.98 in. 

The curve in Fig. 8.15 is made up of two circular arcs and a straight 
line. The slopes at and 7 are equal. The straight-line portion repre- 
sents uniform velocity. The corresponding rolling curves are therefore 
circles. The second derivative at points 0, 3, and 4 are discontinuous. 
This produces discontinuities in the slopes of the rolling curves at the 
corresponding points. For smooth operations the second derivatives 
should be continuous. 
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Fig. 8.15 




Fig. 8.16 
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The example above was done graphically. For most purposes many 
more points must be taken and the work done analytically. The method 
is theoretically correct and errors of calculation are not cumulative. 

2. Angular Velocity Relationship. When this method is used, the 
curve for the velocity relationship is chosen and the displacements are 
determined from this. The space that would be required to describe this 
method is more than is justified in a book of this type. The method is 
described elsewhere.* The pitch surfaces for the gears shown in Fig. 
9.59 were determined by this method. 

3. Displacement and Velocity for a Finite Number of Points. This 
method is similar to that of type one. In Fig. 8.17, points 0, 1, 2, and 3 



Fig. 8.17 

and the indicated slopes represent the displacement and velocity require- 
ments. It is necessary to pass a curve through the points with the 
required slopes or to fit separate curves between the points. The 
method of type one is then applied to determine the rolling curves. 

Methods for determining arc length and for machining the rolling 
bodies are described in the references given below. *f 



PROBLEMS 

8.1. Power is to be transmitted from one shaft to a parallel shaft. The shafts 
are 14 in. apart and they are to turn in opposite directions with an angular velocity 
ratio of 1.5. Determine the diameters of the cylinders. 

8.2. Same as Prob. 8.1 except shafts are to turn in the same direction. 

8.3. Same as Prob. 8.1 except the center distance is 7 in. and the angular 
velocity ratio is 1.25. 

* Golber, H. E., "Rollcurve Gears," Trans. ASME, 1938. 

f Lockenvitz, Oliphint, Wilde, and Young, "Noncircular Cams and Gears," 
Machine Design, May, 1952. 
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8.4. Same as Prob. 8.3 except shafts are to turn in the same direction. 

8.5. The axes of two shafts intersect at 60. Power is to be transmitted 
from one shaft to the other by means of rolling cones. The angular velocity 
ratio is 3 and the directional sense is to be opposite. The maximum diameter of 
the larger cone is to be 10 in. Determine the cone angles ft and 6 and the maxi- 
mum diameter of smaller cone. Use graphical methods. 

8.6. Same as Prob. 8.5 but the rotational sense is the same. 

8.7. Same as Prob. 8.5 except analytical methods are to be used. 

8.8. Same as Prob. 8.6 except analytical methods are to be used. 

8.9. The axes of two shafts intersect at 45. Power is to be transmitted 
from one shaft to the other by means of rolling cones. The angular velocity 
ratio is 2.5 and the directional sense is to be opposite. The maximum diameter of 
the larger cone is to be 7 in. Determine the cone angles ft and 6 and the maxi- 
mum diameter of the smaller cone. Use graphical methods. 

8.10. Same as Prob. 8.9 except the rotational sense is to be the same. 

8.11. Same as Prob. 8.9 except the analytical methods are to be used. 

8.12. Same as Prob. 8.10 except analytical methods are to be used. 

8.13. A displacement graph for two rolling bodies is shown in Fig. P 8.13. 
It consists of two equal circular arcs. The axes of the rolling bodies are to be 3 in. 
apart. 

(a) Construct the rolling curves graphically for 30 intervals of 6. 

(b) Using analytical methods calculate <, R, and r for the position 6 = 60. 





Fig. P 8.14 



8.14. A portion of a displacement graph for two rolling bodies is shown in 
Fig. 8.14. Its equation is a parabola, ?/ 2 + 4y 4# = 0. The axes of the rolling 
bodies are to be 3 in. apart. Using analytical methods calculate <t>, R, and r for 
positions corresponding to 6 = 0, 45, 90, 135, 180. Plot the rolling curves. 



CHAPTER 9 



Gearing 



9.1. History. It is believed that toothed gears were used as early 
as 350 B.C. Ctesibius in 150 B.C. used spur and bevel gears in his water- 
clocks. The Trojan Column, erected in Rome in 114 A.D., contains 
sculptured gears. Drawings of Leonardo da Vinci include spur, bevel, 
and worm gears. All these gears were of the "cog wheel" variety. 
Even if they could have been made accurately according to the designer's 
ideas they .would not have run smoothly. 

A Danish astronomer, Olaf Roemer, in 1674, first offered a theory 
of correct tooth shapes. He proposed the use of cycloidal teeth. A 
Frenchman, Philippe de Lahaire, in 1695, proposed the use of involute 
profiles. 

Figure 9.1 is from Mechanic-Powers.* This illustrates the method 
of determining a tooth profile to operate with a pin gear. Circle FOB 




Fig. 9.1 

is a pin on the wheel with center at A, and HVD is an epicycloid obtained 
by rolling circle HDGM on the circle with radius CI. The tooth profile 
on the gear with center at C is obtained by drawing arcs of radius equal 
to the pin radius, using the epicycloid as the locus of the centers. The 

* Mandy and Moxon, Mechanic-Powers, London, 1696. 
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envelope of these arcs ONL is the tooth profile. This is theoretically 
correct. Note that inversion was used to obtain the tooth profile. 

The authors also suggest that the pin be made in the form of a roller 
on a smaller pin so that the contacting teeth have rolling instead of slid- 
ing friction. This is described by the authors. 

Behold here a particular conftru&ion for the Teeth of 
Wheels of a great Engin* where the faces which rencounter 
themfelves or meet, are made fo that they touch one another 
without rubing or wearing* and what remains is only made on 
the Axis,or Pivot, 

The conftru&ion of thefe Teeth is the fame as thofe of the 
firft Example of the <Jth. Propofidon, but the Application is 
different: In the 6th. Proportion the circular Tooth propofed 
is ftayed firmly by the Wheel ; but in thofe here that is a lit- 
tle wheel which is movable about its centre D, on an axle- 
tree, or pin, placed at the end of the Radius A D > there will 
be then no other fretting, or wearing^ in this Engin, than that 
of the little wheel ffZP on its axis j for the circumference 
will apply it fdf every way, without fretting, or wearing, on 
ihe Curve of the other Tooth ONL. 

Theory was of little use until accurate methods were developed for 
machining the gears. In 1864 Joseph R. Brown invented the formed 
milling cutter that could be sharpened by grinding without changing the 
shape of the cutting faces. In 1884 Hugo Bilgram invented the generating 
method for cutting teeth. This is the principal method used today. 

9.2. Introductory. Power transmission by means of rolling bodies 
was discussed in Chapter 8. It was shown that rolling bodies of circular 
cross section do not have positive transmission. Motion transmitted 
by gears is equivalent to that of rolling bodies but is positive. Comparing 
pairs of members of the same size, gears will transmit much larger torques 
than rolling members. Gears* are machine elements that transmit motion 
by means of successively engaging teeth. Spur gears and their equivalent 
cylindrical friction surfaces are shown in Fig. 9.2. Bevel gears and their 
equivalent conical friction surfaces are shown in Fig. 9.3. Other types 
of gears are shown in the pages that follow. Most gears are circular, 
and the angular velocity ratio of driver and follower is constant. The 
discussion of noncircular gears will be confined to the last article in this 
chapter. 

* Extracted from American Standard Gear Nomenclature (ASA B6.10-1950), with 
the permission of the publishers, The American Society of Mechanical Engineers, 29 
West 39th Street, New York 18, New York. All definitions in italics are taken from 
this source. 
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Gearing is a large subject. The design of many gear drives requires 
the work of experts. The author's aim is to present the fundamental 
concepts of the theory of gears and to indicate some of the practical 
aspects that must always be considered when a machine element is to 





Fig. 9.2. (Courtesy of Socony-Vacuum Oil Co.) 



LINE CONTACT 





Fig. 9.3. (Courtesy of Socony-Vacuum Oil Co.) 

be produced in physical form. An understanding of this chapter should 
be an adequate background for further study in the works of Bucking- 
ham* and the writings of others. 

9.3. Classification. Gears can be classified according to the rela- 
tionship of their axes. Any two lines in space must fall into one of the 

* Buckingham, Earl, Analytical Mechanics of Gears and Spur Gears, New York: 
McGraw-Hill Book Co., Inc. 
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three relationships listed below. The gears that are used with each one 
are listed. 

Parallel axes: 

Straight spur, stepped, parallel helical 

Intersecting axes: 

Straight bevel, spiral bevel, face 
Nonparallel nonintersecting axes: 

Crossed helical, worm, face, hypoid 

Each of these types will be discussed. 

9.4. Fundamental law of gearing. Gear design may be con- 
sidered a special case of cam design. In Art. 2.12 it was shown that the 
angular velocity ratio of driver and follower is 

inversely as the segments cut by the common 
normal on the line of centers. In Fig. 9.4 the 
common normal intersects the line of centers 
at P. If the angular velocity ratio of 2 and 3 
is to be constant, the common normal must 
pass through P for all phases. The angular 
velocity ratio will then be equivalent to that 
of rolling circles of radii 3 P and 2 P. These 
imaginary circles are called pitch circles. The 
fundamental law of gearing for circular .gears 
is: the common normal at the point of contact 
of the teeth must pass through a fixed point on 
the line of centers. This is point P, the pitch 
point. 

Within reasonable limits one tooth profile 
can be arbitrarily chosen and the mating pro- 
file determined to fulfill the fundamental law. 
Any pair of teeth that fulfill the law are called 
conjugate teeth. For practical reasons to 
be discussed later, involute profiles are usually used. 

9.5. Nomenclature. Spur gears are cylindrical in form and operate 
on parallel axes. Their teeth are straight and parallel to the axes. Spur 
gears are the simplest type of gears and will be discussed first. Much 
of the theory pertaining to them is basic to all gears. Some of the nomen- 
clature given below is indicated in Fig. 9.5. 

The circular pitch p is the distance along the pitch circle or pitch line 
between corresponding profiles of adjacent teeth. 

The addendum a is the height by which a tooth projects beyond the pitch 
circle or pitch line; also the radial distance between the pitch circle and the 
addendum circle. 




Pitch 
/(Circles 



Fig. 9.4 
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The dedendum b is the depth of a tooth space below the pitch circle or 
pitch line; also the radial distance between the pitch circle and the root circle. 



FiHet Radius (R f ) 

Working Depth (h k ) 




x Pitch Surface 



Fig. 9.5 

The clearance c is the amount by which the dedendum in a given gear 
exceeds the addendum of its mating gear. 

The working depth hk is the depth of engagement of two gears, that is, 
the sum of their addendums. 

The whole depth h t is the total depth of a tooth space, equal to addendum 
plus dedendum, also equal to working depth plus clearance. 

The backlash B is the amount by which the width of a tooth space exceeds 
the thickness of the engaging tooth on the pitch circles. 

The diametral pitch Pd is the ratio of the number of teeth to the number 
of inches in the pitch diameter. There is a fixed relation between diametral 
pitch Pd and circular pitch p, namely, p = Tr/P d . Let N be the number of 
teeth and D the diameter of the pitch circle; then 

irD , N . . TT , N 

P = ~W a d = 7) lvm S P = p- (9-1) 

Some of the standard diametral pitches are shown in Fig. 9.6. 

The module m (inch) is the ratio of the pitch diameter in inches to the 
number of teeth. It is the reciprocal of the diametral pitch. 

The fillet curve is the concave portion of the tooth profile where it joins 
the bottom of the tooth space. 

The fillet radius r f is the radius of the fillet curve at the base of the gear 
tooth. In generated teeth, this radius is an approximate radius of curvature. 

The gear ratio m G is the ratio of the larger to the smaller number of teeth 
in a pair of gears. 
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A pinion is a gear with a small number of teeth. Of two gears that 
run together, the one with the smaller number of teeth is called the pinion. 




Fig. 9.6. (Courtesy of Barber-Colman Co.) 

A tooth curve is a general term for the curve of intersection of a tooth 
surface and its pitch surface. The tooth curve of a straight tooth is a straight 
line. 

9.6. Involute gear teeth. The involute of a circle is the curve 
described by the end of a thread as it is unwound from a stationary 
cylinder. This is illustrated in Fig. 9.7. The end of the thread D traces 
an involute. The direction of the motion of the end D at any instant is 
perpendicular to the thread, hence the normal at any point of an involute 
is tangent to the circle from which it was derived. 

In Fig. 9.8 a plate R is attached to the cylinder, and the cylinder is 
allowed to rotate. If the end of the thread is moved in the direction 
indicated, any point D on the thread will trace an involute on the plate. 
This is merely an inversion of Fig. 9.7. 

Two cylinders and a connecting thread BCDEF are shown in Fig. 
9.9. If cylinder 3 is rotated counterclockwise, the thread will act as a 
belt and cause clockwise rotation of cylinder 2. The thread will always 
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Fig. 9.8 
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pass through the fixed point P on the centerline. Plates Q and R are 
fastened to the cylinders. As movement takes place any point D will 
simultaneously trace involutes W and S on plates R and Q. If the plates 
are cut along the involutes they can serve as teeth. If cylinder 2 is 
rotated CW, profile S will push on profile W, causing cylinder 3 to rotate. 
The point of contact D and the common normal will always lie on the 
line CE. The fundamental law is fulfilled. 

The base circle is the circle from which the involute tooth profiles are 
derived. Triangles 0$EP and 2 CP are similar; hence 

3 OJP 

2 C Of 
The angular velocity ratio is also inversely as the base circle radii. 

9.7. Construction of the involute. A method of constructing an 
involute is shown in Fig. 9.10(a). Assume that the involute is to origi- 
nate from point B. Equal arc lengths J3-1, 1-2, 2-3, 3-4 are stepped off. 
Perpendiculars are erected to the radii at 1, 2, 3, and 4. Lengths la, 
2b, 3c, 4d are made equal to the corresponding arc lengths. Then 
Babcd is the desired involute. 





Fig. 9.10 

An approximate construction is shown at (b). Assume that the 
involute is to pass through point P. A line is drawn through P tangent 
to the circle. With 1 as a center, an arc aPb is drawn. A line through 
b is tangent to the circle at 2. With 2 as a center, arc be is drawn. 
Arc ad is drawn with 3 as a center. The more centers that are used the 
more accurate is the involute. 

9.8. Involute gear tooth action. Portions of a pair of involute 
gears are shown in Fig. 9.11. The gear with center at Oi is driving in a 
CW direction. The terminology and relationships that are necessary 
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for an understanding of gear tooth action are listed below. Line EC 
is the line of transmission or line of action. From triangle O^CP the 
radius of the base circle in terms of the pitch circle is 



R b = R p cos 



(9.2) 



It was shown that the point of contact of involute gear teeth lies on the 
line of action EC. In this case the first point of contact is K. It is the 
point on the line of action nearest C that can be reached by a tooth on 3. 
It is the intersection of the addendum circle of gear 3 and the line CE. 
Similarly L is the last point of contact, and KL is called the path of 
contact. 




Fig. 9.11 
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The arc of action is the arc of the pitch circle through which a tooth 
profile moves from the beginning to the end of contact with a mating profile. 
This is shown as MS for gear 2 and NT for gear 3. The arc of action can 
be divided into MP, the arc of approach, and PS, the arc of recess. 
The corresponding angles /3 2 and 2 are, respectively, the angles of 
approach and recess. Arc MP is equal to NP, and PS is equal to PT 
because of rolling of the pitch circles. Angle 2 is not equal to /3 3 , and 
62 is not equal to 63 except for the case of equal gears. It has been found 
from practice that gear tooth action is smoother in recess than in approach. 

The base pitch p b in an involute gear is the pitch on the base circle or 
along the line of action. Corresponding sides of involute gear teeth are 
parallel curves, and the base pitch is the constant and fundamental distance 
between them along a common normal in the plane of rotation. This is 
shown at the lower right of Fig. 9.11. The base pitch can be determined 
by dividing the circumference of the base circle by the number of teeth. 
The relationship between the circular and base pitch using Eq. (9.2) is 

p b = p cos (9.3) 

The contact ratio (ra c ) is the ratio of the arc of action to the circular 
pitch, and sometimes is thought of as an average number of teeth in contact. 
For involute gears, the contact ratio is obtained most directly as the ratio 
of the length of action to the base pitch. The length of action is the path 
of contact KL. The contact ratio is KL/p b . In order that action be 
continuous it is necessary that the ratio be at least unity. For smooth 
action it should be at least 1.4. This means that during 40 per cent of 
the time two pairs of teeth are in contact. 

When the teeth are in contact at P, pure rolling exists. At all other 
points there is both rolling and sliding. The sliding component can be 
determined by the method of Art. 2.11 or of Prob. 3.25. 

9.9. Involute rack and pinion. Portions of rack and pinion are 
shown in Fig. 9.12. A rack can be thought of as a portion of a gear of 
infinite radius. The infinite pitch circle of the rack is called the pitch 
line. The line of action is tangent to the base circle at infinity; hence the 
radius of curvature of a tooth profile is infinite. 

9.10. Involute interference. In Fig. 9.12 the addendum a of the 
rack was chosen so that the first point of contact would coincide with C, 
the point of tangency of the line of action with the base circle of the 
pinion. The involute profile of the pinion tooth begins on the base 
circle. The portion of the profile inside the base circle is shown as a 
radial line. An involute tooth profile can not exist inside the base circle. 
Then PC is the maximum length of contact in approach. The maximum 
rack addendum that should be used in this case is a. In order to see the 
effect of a longer addendum it is shown as a'. When the teeth are in 
contact at C the additional portion of the rack face will lie along the 
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radial flank of the pinion. When the pitch circle of the pinion and the 
pitch line of the rack are rolled to the right there will be interference, as 
shown by the broken line profiles. In order that the fundamental law 
be fulfilled and that the teeth mesh it is necessary to remove part of the 
pinion teeth as shown at the right. This undercutting weakens the teeth 




Fig. 9.12 

and removes part of the involute profile, which shortens the path of 
contact. 

There can be no interference due to a large addendum on the pinion, 
the point of tangency is at infinity. The maximum length of path in 
recess is PL', which is obtained with a pointed pinion tooth. 

If a rack will mesh with a pinion without interference, any external 
gear having the same addendum as the rack will also mesh with the 
pinion without interference. This can be seen from Fig. 9.12. The 
addendum circle of any finite gear will intersect PC to the left of C. 

9.11. Determination of contact ratio. The contact ratio can be 
determined semigraphically for any pair of involute gears (Fig. 9.13). 
The pitch circles, addendum circles, and pressure angle are known. 
This is sufficient for determining the length of the path of contact KL. 
This divided by the base pitch gives the contact ratio. The lengths of 
LP and PK can be calculated, using the trigonometric relationships 
included in the next article. 
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9.12. Checking for interference. Any pair of involute gears can 
be checked for interference by the method of Fig. 9.13. If either K or 
L falls beyond the limits (7 and E, there is interference. 





Fig. 9.13 



Sometimes it is required to find the smallest pinion that will mesh with 
a given gear without interference. In Fig. 9.14, 2 P is the pitch radius, 
2 E the addendum circle radius, and <t> the pressure angle of the given 
gear. Line EOz drawn perpendicular to EP at point E is the radius 
of the base circle of the smallest pinion that will mesh without interfer- 
ence. Any larger pinion of base radius E'0'% will not have interference. 
The pitch radius F0 3 can be calculated using the following relationships 
for the solution of oblique triangles. 



7 - sm 



P0 



2 sn a 



e = iso - ( + 7) 

2 E sin 



EP = 



P0 3 = 



sin a 
EP 

sin <j> 



(9.4) 
(9.5) 
(9.6) 

(9.7) 
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9.13. Internal gears. External involute gears have convex profiles. 
As the number of teeth increases, the profiles approach an infinite radius 
of curvature and reach this condition for the rack. The profiles of 
internal gears are concave. As the number of teeth is increased the pro- 
files approach a straight line. The rack is the limiting case for both 
external and internal gears. The basic theory is the same for both types 
of gears. 




Fig. 9.15. (Courtesy of The Fellows Gear Shaper Co.) 

An internal gear and pinion is shown in Fig. 9.15. This drive is 
more compact than an external gear drive. The concave-convex contact 
facilitates lubrication and reduces the contact stress. 

The location of the interference point is shown in Fig. 9.16. The 
line of action is tangent to the gear base circle at L and to the pinion 
base circle at K. An involute profile for the gear can begin at L. The 
pinion involute cannot begin until K is reached. This is then the first 
possible point of contact, and the maximum addendum of the gear is as 
indicated. The length of path PM ' in recess is limited only by the pinion 
tooth coming to a point. 
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Fig. 9.16 

9.14. Interchangeable gear-tooth forms. A set of gears is said 
to be interchangeable when any two of the set will mesh and fulfill the 
fundamental law. Obviously a watch gear will not mesh with an auto- 
mobile transmission gear. The gears must have the same pitch. Two 
gears will not mesh if the addendum of one is greater than the dedendum 
of the other. There is one basic requirement pertaining to tooth pro- 
files for interchangeable gears. Gears of a set that are conjugate to a basic 
rack will be interchangeable if the path of contact of the system is symmetrical 
in relation to the pitch point. When this condition is met it follows that the 
basic rack profile will be symmetrical in relation to the pitch point. 

This requirement can be proved as follows: In Fig. 9.17(a) a pinion 
is shown in mesh with a rack having a symmetrical path of contact and 
profile. The point of contact is K. At (b) the same basic rack is 
meshed with another pinion. The point of contact K was chosen the 
same distance x from the center-line. From symmetry, y in (b) is equal 
to y in (a). Parts (a) and (b) are superimposed at (c). The racks and 
paths of contact coincide and the two pinion teeth are in contact at K. 
This will be true for any distance x that is chosen. Hence the pinions 
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Fig. 9.17 

are conjugate. If there is no backlash there will also be contact at L. 
If the tooth thickness of the rack is equal to the tooth space, measured 
on the pitch line (except an allowance for backlash), and the dedendum 
is greater than the addendum, all secondary requirements for inter- 
changeability are met. 

9.15. Cycloidal gears have been used in the past but are seldom 
used today. In order to obtain a more thorough understanding of gear 
tooth action it is desirable to consider at least one form in addition to the 
involute. This justifies a brief study of cycloidal gears. The cycloid 
was discussed briefly in Art. 2.17 and the epicycloid was mentioned in 
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Art. 9.1. A hypocycloid is the curve traced by a point on a circle as it 
rolls on the inside of a larger circle. 

A cycloidal rack tooth profile is shown in Fig. 9.18(a). Generating 
circle 2 is tangent to the pitch line at the pitch point P. When this circle 
is rolled to the right the point that was originally in contact with the pitch 
point generates a cycloid. In a similar manner generating circle 3 
generates the remainder of the tooth profile when it is rolled to the left. 

A cycloidal tooth profile is shown in Fig. 9.18(b). It is generated 
by rolling circle 2 to the right on the outside of the pitch circle and circle 
3 to the left on the inside of the pitch circle. 




(O 



Fig. 9.18 

In Fig. 9.18(c) the generating circles 2 and 3 are rolled on the pitch 
circles of the two gears. Points on these generating circles will generate 
or trace cycloidal tooth profiles on the two gears. When circle 2 is 
rolled to the left on the inside of the pitch circle of gear 2, point P on circle 
2 will trace the profile PA. When circle 3 is rolled to the right on the 
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outside of the pitch circle of gear 2, point P on circle 3 will trace the 
profile PB. Profiles PD and PC are traced in a similar manner by rolling 
circle 2 and 3 on the pitch circle of gear 3. 

A pair of teeth are shown in mesh at K, the first point of contact. 
It can be shown that cycloidal teeth fulfill the fundamental law of gear 
tooth action as follows. Point K on circle 2 may be considered a gen- 
erating point. Circle 2 and the pitch circles of the two gears are tangent 
at P. If these three circles are rolled together point P will be their instant 
center. The direction of motion of point K as a point in 2, tracing simul- 
taneously the two tooth profiles, will be perpendicular to KP. Therefore 
KP is the common normal of the two profiles. This will be true for any 
position. The reverse curve KPL, composed of portions of the two 
generating circles, is the path of contact. 

The angle KPE is the pressure angle for the first point of contact. 
This angle changes with the position of the meshing teeth and is zero 
when contact is at the pitch point. 

It follows from the previous article that the generating circles must 
be of the same size if the path of contact is to be symmetrical and the 
gears are to be interchangeable. 

9.16. Advantages of involute teeth. The extensive use of involute 
spur gear teeth is the result of distinct advantages of this type compared 
with all other types. It was shown in Art. 9.9 that tooth profiles of an 
involute rack are straight. Cutting tools and grinding wheels having 
straight sides are used in the production of gears and cutters. This 
makes the production of accurate involute gears more economical than 
the production of other types. 

The radius of curvature of a cycloidal tooth profile is zero at the pitch 
circle. For this reason it is difficult to machine accurately the portion 
of the profile near the pitch circle. The radius of curvature of an involute 
is zero at the base circle. By controlling the length of path of contact 
this portion can be eliminated from the active portion of the profile. 

One of the principal advantages of involute gears is that they fulfill 
the fundamental law of gearing regardless of the center distance between 
the axes. In Fig. 9.19 a pair of teeth are shown in contact at h. The 
angular velocity ratio is OJP -f- OJP. When center Os is moved to 0' 3 
the tooth contact is at h' '. The common normal to the teeth at h f is 
tangent to the base circles and intersects the line of centers at P 1 '. Tri- 
angles QfC and 0,EP are similar. Triangles Of'C' and 0' 3 #'P' are 
similar; hence 

E'O's 0' Z P' EO, 



C"0 2 Of CO* Of 

But 2 C = 2 C" and 0*E = OJJ2' 



Hence 

1161106 0,P " Of' 
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The angular velocity ratio is not changed. An increase in the center 
distance increases the backlash and pressure angle and decreases the 
length of path of contact but the fundamental law is fulfilled. 




Fig. 9.19 

The base circle is built into an involute gear. It is one of the neces- 
sary specifications. An involute gear has no pitch circle until it is 
meshed with another gear. When a pitch circle is used in specifying 
a gear it must be associated with a definite pressure angle. This in effect 
specifies the base circle. 
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Where the gears are to be cut with formed milling cutters, the number 
of cutters required to cover the range from the smallest pinion to a rack 
is less than for cycloidal profiles. This results from a smaller change in 
curvature over the range. 

9.17. Summary of involute-curve properties. The previous dis- 
cussion of involute teeth should be sufficient for an understanding of 
each of the following properties. * 

1. The shape of the involute curve is dependent only upon the size 
of the base circle. 

2. If one involute, rotating at a uniform rate of motion, acts against 
another involute, it will transmit a uniform angular motion to the second 
regardless of the distance between the centers of the two base circles. 

3. The rate of motion transmitted from one involute to another 
depends only on the relative sizes of the base circles of the two involutes. 
This rate of motion is in inverse proportion to the sizes of the two base 
circles. 

4. The common tangent to the two base circles is both the path of 
contact and the line of action. In other words, the two involutes will 
make contact with each other only along this common tangent to the 
two base circles. 

5. The path of contact of an involute is a straight line. Any point 
on this line may therefore be taken as a pitch point, and the path of 
contact will remain symmetrical in relation to this pitch point. 

6. The intersection of the common tangent to the two base circles 
with their common center line establishes the radii of the pitch circles 
of the mating involutes. No involute has a pitch circle until it is brought 
into contact with another involute, or with a straight line constrained 
to move in a fixed direction. 

7. The pitch diameters of two involutes acting together are directly 
proportional to the diameters of their base circles. 

8. The pressure angle of two involutes acting together is the angle 
between the common tangent to the two base circles and a line per- 
pendicular to their common center line. No involute has a pressure 
angle until it is brought into contact with another involute, or with a 
straight line constrained to move in a fixed direction. 

9. The form of the basic rack of the involute is a straight line. The 
pressure angle of an involute acting against such a rack is the angle 
between the line of action and a line representing the direction in which 
this rack moves. 

10. The pitch radius of an involute acting against a straight-line 
rack form is the length of the radial line, perpendicular to the direction 
of motion of the rack, measured from the center of the base circle to its 
point of intersection with the line of action. 

* Buckingham, Earl, Analytical Mechanics of Gears. McGraw-Hill Book Co., Inc., 
1949, 
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9.18. Standard interchangeable tooth forms. For reasons of 
economy standard tooth forms have been adopted to meet various 
requirements. All gear designs are compromises. The tooth form 
chosen is the one that is most satisfactory when all conditions, functional 
and economic, are considered. The standard forms are described below. 

The 14v Composite System. This tooth form came into use when 
both cycloidal and involute gears were in use. The basic rack is shown in 
Fig. 9.20. The central portion of the tooth is involute and the remainder 

TT 

Approx. Cycloid 
Involute 




Fig. 9.20 

is segmental. It is sometimes said that these portions are cycloidal 
because of the close approximation. The segmental form (circular arc) 
can be produced accurately with less difficulty than the cycloidal form. 
The rack tooth is symmetrical with respect to the pitch point, and gears 
conjugate to this rack will be interchangeable. 

These gears must operate on fixed center distances. A change in 
center distance would cause a segmental curve on one tooth to be in 
contact with an involute curve on the other tooth and would produce 
incorrect tooth action. Only involute curves have the property of 
operating correctly with any center distance. Interference and under- 
cutting of small pinions is avoided in this system. 

The 14^ full Depth System. The basic rack tooth for this system is 
shown in Fig. 9.21. Two 23-tooth pinions are the smallest pair of equal 
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gears that will have the desired minimum contact ratio of 1.4. The 
smallest pinion that will mesh with a rack without interference has 
32 teeth. This system is usually used for gears having a large number 
of teeth, 40 to 50 and larger. 

The 20 Full Depth System. The basic rack is shown in Fig. 9.22. 
This system is suitable for gears having smaller numbers of teeth than 




Fig. 9.22 

are permitted with the 14-| systems. Two 14-tooth pinions will have a 
contact ratio of 1.415. The smallest pinion that will mesh with a rack 
without interference has 18 teeth. In general this is the best system for 
gears having small numbers of teeth. 

The 20 Stub System. The basic rack for this system is shown in 
Fig. 9.23. This tooth form was introduced to meet the needs of gears 
having small tooth numbers and requiring high beam strength. A load 




.0,304- 



Fig. 9.23 

on the end of a stub tooth does not produce as high a stress at the fillet 
as the same load on a longer tooth. Some of this advantage is lost since 
fewer pairs of teeth are in contact. Two 12-tooth pinions have a contact 
ratio of 1.185. A pinion and gear having 27 and 30 teeth have a contact 
ratio of 1.351. Gears of this system with small numbers of teeth do not 
have the desired minimum ratio of 1.4. For equal smoothness of oper- 
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ation these gears must be more accurately machined than gears having 
a greater contact ratio. 

The 20 Fellows Stub Tooth Systems are similar to the 20 stub system 
described above but the tooth proportions are not the same for all sizes 
of teeth. The pitch designations are: 3/4, 4/5, 5/7, 6/8, 7/9, 8/10, 9/11, 
and 12/14. The numerator is the diametral pitch, the addendum is 
unity divided by the denominator, and the clearance is 0.25 divided by 
the denominator. For a gear of diametral pitch 5 the addendum is y in. 
and the clearance is 0.25/7 in. 

9.19. Parallel helical involute gears. A stepped gear, Fig. 9.24, 
consists of two or more gears fastened together as shown. Each is 
advanced relative to the adjacent one by an amount equal to the circular 
pitch divided by the number of gears. When accurately made, these 
gears are more quiet and smooth in action than conventional spur gears. 
Theoretically most gears run perfectly. Actually there are always 
inaccuracies in the teeth and deflections due to loads. This results in 
impact loading and noise. If the masses of the parts that meet with 
impact are reduced, the noise is less. In stepped gears the masses are 
reduced. There is also a greater variety of contact. 



DRIVEN 




THRUST 



DRIVER 



Fig. 9.24. (Courtesy of So- Fig. 9.25. (Courtesy of Socony-V^cuuin 

cony Vacuum Oil Co.) Oil Co.) 

Parallel helical gears, Fig. 9.25, are much more widely used than 
stepped gears. These gears can be thought of as stepped gears with 
infinite numbers of parts. A more basic way of considering these gears 
is shown in Fig. 9.26. A thin flat tape lying in the plane of action is used 
to connect the base cylinders of the gears. When the base cylinders 
are rotated, the diagonal lines on the tape generate the teeth of both 
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gears simultaneously. The line of contact of a pair of mating teeth 
lies along one of these lines as it moves in the plane of action. When the 
tape wraps around a base cylinder the diagonal generating lines become 
helices. 

The helix angle \l/ is the angle between any helix and an element of its 
cylinder. In helical gears and worms, it is the pitch diameter unless otherwise 
specified. 

The lead angle X is the complement of the helix angle. 

The lead I is the axial advance of a helix for one complete turn, as in the 
threads of cylindrical worms and teeth of helical gears. If the base cylinder 



Tooth generating lines 
or lines of contact. 




(a) (e) 

Fig. 9.26 

is opened up and laid flat, the helix will appear as in Fig. 9.26(b). The 
helix on the pitch cylinder will appear as in (c). The relationship 
between the helix angles on the base and pitch cylinders is obtained 
from the equations 



and Eq. (9.2) 
giving 
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Parallel helical gear tooth contact is progressive. Instead of the 
teeth coming into contact along the entire face width, contact starts at 
a point on the edge and progresses across the tooth, resulting in diagonal 
straight-line contact. These gears have less impact loading and can 
be run at higher speeds than gears having straight teeth. 

To gain the full advantage of helical teeth it is recommended that the 
tooth advance corresponding to the face width be at least 15 per cent 
greater than the circular pitch. This is shown at (e). Under this con- 
dition at least one pair of teeth will always be in contact at the pitch 
point, and the contact ratio will always be sufficiently large. 

The normal circular pitch p n is the circular pitch in the normal plane, 
and also the length of arc along the normal helix between helical teeth or 
threads. 

The axial pitch p x is the circular pitch in the axial plane and in the 
pitch surface between corresponding sides of adjacent teeth, in helical gears 
and worms. 

A disadvantage of helical gears is that they produce axial thrust as 
shown in Fig. 9.25. This is usually not serious. If ball or tapered roller 
bearings are used to carry the radial load, they will usually carry the 
thrust also. 

The designation of the hand of a helical gear is the same as that used 
for screws. A screw has a right-hand thread if, when held in front of 
an observer and turned clockwise, it moves away from the observer. 
In Fig 9.25 the pinion is right-hand and the gear left-hand. 




Fig. 9.27. (Courtesy of Warren Steam Pump Co.) 
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Thrust is eliminated in herringbone gears. They are equivalent to 
two helical gears of opposite hand placed side by side. The gears at the 
left of the pump in Fig. 9.27 are herringbone gears. The pump impellers 
are also herringbone gears. Pumps that are made to move fluids having 
lubricating qualities do not require the separate gear drive shown on the 
left. 

9.20. Crossed helical involute gears. Crossed helical gears are 
used to transmit power between nonparallel, nonintersecting axes (Fig. 
9.28). A pair of parallel helical gears are of opposite hand and equal 
helix angles. They have line contact and there is no sliding along the 





Fig. 9.28. (Courtesy of Socony-Vacuum Oil Co.) 




Fig. 9.29 
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elements of the teeth. The individual gears of a crossed helical pair are 
the same as parallel helical gears. When helical gears are meshed on 
nonparallel, nonintersecting axes, the tooth action is different. There 
is point contact and sliding along the elements of the teeth. Crossed 
helical gears are usually of the same hand and the helix angles need not 
be the same. A study of the action of the basic racks, Fig. 9.29, will aid 
in visualizing the tooth action of crossed helical gears. 

In Fig. 9.30 gears 2 and 3 connect axes 2-2 and 3-3. Angles ^ 2 and 
^ 3 are the helix angles of gears 2 and 3. The teeth are in contact at 




Fig. 9.30 

/W Velocity V P3 is the velocity of P 3 , and F P2 is the velocity of P 2 . 
These two velocities must have a common component V along the 
common normal. The normal pitches of the two gears must be equal; 
the circular pitches will be unequal if the helix angles are unequal. 

Because of point contact, the power that can be transmitted is less 
than for other types of the same size having line contact. These gears 
are not sensitive to center distance changes. As a result of point con- 
tact the angular relationship of the axes can be changed without loss of 
theoretically correct conjugate tooth action. When these gears are not 
loaded above their capacity they are generally quieter and more satis- 
factory than any other type of gear drive. 

As with all gears, the angular velocity ratio is inversely as the number 
of teeth. The angular velocity ratio will be inversely as the pitch 
diameters only when the helix angles are equal. 

Each gear of a helical pair has two distinct pitch surfaces: a pitch 
cylinder and a pitch plane. This is discussed in Buckingham's Analytical 
Mechanics of Gears. 

9.21. Production of straight and helical spur gears. 

Milling. The method of milling gears is shown in Fig. 9.31. The 
profiles of the milling cutter faces are that of the tooth space to be cut. 
A tooth space is machined by passing the gear blank across the rotating 
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Fig. 9.31. (Courtesy of Barber-Colman Co.) 

cutter. The gear is then indexed and another tooth space is cut. Milling 
cutters can be sharpened by grinding the faces without changing the 
cutting profiles. The shapes of gear teeth vary with the number of 
teeth. Theoretically a different cutter should be used for each number 
of teeth. In practice it has been found that for a single pitch a set of 
15 cutters is sufficient for cutting all gears having numbers of teeth 
from 12 to a rack. 

Fellows Gear Shaper. The generating process is used in cutting 
gears on a Fellows gear shaper. The principle is illustrated in Fig. 9.32. 




^GENERATING CUTTER EXTERNAL SPUR GEAR- 

Fig. 9.32. (Courtesy of The Fellows Gear Shaper Co.) 
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The cutting edges of the cutter are in the form of a spur gear with ad- 
dendums long enough to produce the required clearance. The cutting 
of a gear is started by feeding the gear blank into the reciprocating 
cutter until the desired depth is reached. While the cutter continues to 
reciprocate, the gear blank and cutter are both rotated a small amount 
after each cutting stroke with a motion that is equivalent to the rolling 
of the pitch circles. The manner in which a cutter tooth generates 
conjugate profiles is shown in Fig. 9.33. 



GEAR SHARER CUTTER 

^ I 



BASE CIRCLE PITCH CIRCLE 




BASE CIRCLE 
GEAR BEING GENERATED 

| SHAPE OF GEAR SHARER CUTTER CHIP 

Fig. 9.33. (Courtesy of The Fellows Gear Shapcr Co.) 

Helical gears can be generated with a helical cutter (Fig. 9.34). l*i 
addition to the motions for cutting straight spur gears there is super- 




7 



Fig. 9.34. (Courtesy of The Fellows Gear Shaper Co.) 

imposed an oscillatory rolling of the cutter and gear blank pitch circles 
to produce the necessary helical path of the cutter relative to the gear 
blank. 
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Hobbing is the most rapid method of producing gears. The hobbing 
process is shown in Figs. 9.35 and 9.36. In Fig. 9.35 the third gear 




Fig. 9.35. (Courtesy of Barber-Golman Co.) 



Gear Blank 




Fig. 9.36 

from the left in the cluster is being generated. The hob is similar to a 
helical gear having a small number of teeth or threads, in some cases one.. 
Axial gashes are made to produce cutting edges. The motions involved 
in hobbing a gear are shown in Fig. 9.36. The axes of the hob and the 
gear blank are set to produce the desired helix angle. The hob and the 
gear blank are rotated with an angular velocity ratio that is inversely 
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The hob is then fed across 



as the numbers of teeth on the hob and gear, 
the face of the gear. 

Shaving. Gears can be made to a high degree of accuracy by finishing 
them with the shaving process (Fig. 9.37). A gear shaver is similar to 




Fig. 9.37. (Courtesy of National Broach & Machine Co.) 

either a straight or helical spur gear with circumferential gashes in it to 
produce cutting edges. The gear and shaver are forced together while 
rotating, and the gear is reciprocated along its axis. Surface smoothness 
is improved, and errors of index, helix angle, tooth profile, and eccentricity 
are reduced by the small amount of metal that is removed in the form 
of needle-like chips. 

Grinding is an accurate method for finishing gears. Gears that are 
heat treated after rough machining can be finished by this process. The 
process is shown in Fig. 9.38. The flat side of a grinding wheel is used 



Imaginary Rack 




Grinding Wheel 

Fig. 9.38 
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to simulate a rack tooth profile. The gear and grinding wheel are moved 
in a manner that is equivalent to rolling of the gear pitch circle on the 
rack pitch line. 

9.22. Unequal-addendum gears. The undercutting that results 
from the use of a small pinion and a large gear can often be eliminated 
by using unequal-addendum gears. This can be understood most easily 
by considering a rack and pinion. A 12-tooth pinion and rack of the 
full-depth 20 system is shown in Fig. 9.39 (a). If the pinion is generated 




Fig. 9.39 

with a rack cutter, it will be undercut as shown. The pinion teeth are 
weakened. The path of contact LK corresponds to a contact ratio of 
1.049. It can be seen that the rack tooth is too long by an amount x. In 
(b) the rack has been withdrawn an amount x and the pinion addendum 
increased by the same amount. The resulting conjugate pinion tooth 
is shown. It is stronger, and the contact ratio has been increased to 
approximately 1.44. The base circle, pitch circle, and pressure angle 
remain the same. 

The method of cutting unequal-addendum gears with standard gen- 
erating cutters is to decrease the radius of the gear blank so that inter- 
ference is eliminated. The gear teeth are cut to the standard whole 
depth. The radius of the pinion blank is increased by the amount 
that the gear was decreased, and the teeth are cut to the standard whole 
depth. 
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9.23. Worm gears are similar to crossed helical gears. The drive 
shown in Fig. 9.40 is of crossed helical gears. The pinion, or worm, 
shown at the right has one tooth. Because the appearance of a worm is 




Fig. 9.40. (Courtesy of Socony-Vacuum Oil Co.) 





Fig. 9.41. (Courtesy of Socony-Vacuum Oil Co.) 





Fig. 9.42. (Courtesy of Socony-Vacuum. Oil Co.) 

similar to that of a screw, the teeth are usually called threads. Three 
worms are shown in Fig. 9.43; (a) has one thread and is called a single 
worm, (b) has two threads and is called a double worm, (c) is a triple 
worm. The capacity of a worm drive can be increased by introducing 
line contact instead of point contact that is present in crossed helical 
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(c) 



gears. This is done by making the gear, or worm wheel, envelop the 
worm (Fig. 9.41). The method by which this is accomplished can be 
understood if the cutting process is considered (Fig. 9.44). Instead of 




passing the hob across the face of the gear as is done in cutting helical 
gears, it is fed into the face along the central plane of the gear. When a 
worm that is substantially the same size as the hob is meshed with the 
worm wheel, conjugate tooth action with line contact results. 
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In Fig. 9.42 both the worm and worm wheel are throated, each 
envelops the other. This is called a Hindley worm. The Hindley worm 
has the advantage that more teeth are in contact, but has the disadvan- 
tage that the axial location of the worm relative to the worm wheel must 
be accurately maintained or binding will result. The type shown in 
Figs. 9.41 and 9.45 is most widely used. 

As with all gear drives the angular velocity ratio is inversely as the 
numbers of teeth. The lead (Fig. 9.43) is alwavs eoual to or a multinlft 




Fig. 9.45. (Courtesy of The Cleveland Worm & Gear Co.) 
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of the pitch. The axes of most worm drives are at right angles. When 
this is the case the axial pitch of the worm is equal to the circular pitch 
of the worm wheel. The relationships of Fig. 9.26(b) and (c) apply to 
the worms of Fig. 9.43. 

Worm drives form compact units, especially for large gear ratios. 
They are quiet and highly efficient when the lead angle of the worm is 
between 30 and 60. Excessive sliding reduces the efficiency when the 
lead angle is small. 

9.24. Bevel gears are used to connect shafts that have intersecting 
axes. External bevel gears and their rolling pitch cones are shown in 
Fig. 9.3. Rolling cones have spherical motion. Each point in a bevel 
gear remains a constant distance from the common apex of the cones; 
hence there is no sliding along the tooth elements. A pinion and a crown 
gear are shown in Fig. 9.46. The pitch surface of a crown gear is a plane 
and corresponds to a rack in spur gearing. An internal bevel gear is 
shown in Fig. 9.47. Due to limitations in the machining of this type 
of bevel gear the pitch angle cannot greatly exceed 90. 





Pitch 
Angle 



Fig. 9.46 



Fig. 9.47 



Bevel gear terminology is shown in Fig. 9.48. All tooth elements 
converge at the apex of the cone. The teeth, if extended to this point, 
would be difficult to cut, the small portions would not carry a large load, 
a more accurate alignment of the axes would be required, and the shaft 
could not extend through the gear. For these reasons the face width is 
usually limited to one-third of the cone distance. 

A pair of bevel gears with equal numbers of teeth and with axes at 
right angles are called miter gears. 

Involute Bevel Gears. It was shown that one of the principal advan- 
tages of involute spur gears was that an involute rack tooth has a straight 
profile. This does not hold for bevel gearing. An involute crown gear 
tooth is shown in Fig. 9.49. The base cone angle must be less than the 
90 pitch angle. When the generating plane is rolled on the base cone 
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Pitch Diameter 

Outside Diameter 

Fig. 9.48 

the generating line WV sweeps out the spherical involute tooth shown. 
These teeth are difficult to cut and are not used. 




Fig 9.49 



Fig. 9.50 



Octoid Bevel Gears are gears that are conjugate to a crown gear having 
teeth made with straight sides. An octoid crown gear is shown in Fig. 
9.50. The sides of the teeth lie in planes that pass through the center of 
the sphere. When meshed with a conjugate gear the complete path 
of contact on the surface of a sphere is in the form of a figure 8; hence 
the name octoid. Only a portion of the path is used, KLP or K'PU. 
These portions are nearly straight. Because of the symmetry of the 
tooth the path of contact will also be symmetrical and gears conjugate 
to this basic crown gear will be conjugate to each other. 

Bevel Gear Tooth Action should be considered on the basis of spherical 
motion. Because of the difficulty of working with a spherical surface 
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Fig. 9.51 

in approximation in a plane is used. The back of the gear is usually 
nade conical instead of spherical, Fig. 9.51. The back cones very 
learly approximate the sphere in the region of tooth contact. The slight 
variation in distances from the center V to points on the outer ends of 
;he meshing teeth means that they are not quite flush. This does not 
iffect the theoretical tooth action in the least. In order to study the 
Devel gear tooth action the back cones are laid out flat. Each cone 
orms a portion of a spur gear. The pitch radii are equal to the back 
?one distances R b and r b . The flat surface is a close approximation of the 
spherical surface in the region of tooth contact. This is called Tredgold's 
ipproximation. The tooth action of the bevel gears is the same as the 
;ooth action for the larger spur gears. The number of teeth N b on the 
spur gear in terms of N G , the number on the bevel gear, is 

IJ AT 

(9.9) 



cos T 



Spiral Bevel Gears. The tooth action of spiral bevel gears, Fig. 9.52, 
compared with that of straight bevel gears is similar to a comparison of 
;ooth action of helical and straight spur gears. Tooth contact begins 
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Fig. 9.52. (Courtesy of Socony-Vacuum Oil Co.) 

A diagram for obtaining the face contact ratio is shown in Fig. 9.53(b). 
To gain the full advantage of the spiral tooth, the face advance should 
be at least 1.25 times the circular pitch. The tooth curve is not a true 
spiral but a circular arc. 



/Bevel Gear 




(a) (b) 

Fig. 9.53 

Crown Gear Generation. The principle of generating a straight bevel 
gear that is conjugate to a crown gear is illustrated in Fig. 9.54(a). A 
reciprocating tool simulates one side of a crown gear tooth. When the 
pitch cone of the pinion blank is rolled on the pitch surface of the crown 
gear, the reciprocating tool generates one side of a pinion tooth. The 
motion required to roll the pitch surfaces is produced by the machine. 

Spiral gear generation is shown in Fig. 9.54(b). In this case the 
cutter simulates one side of a curved tooth. 
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In practice the cutters do not simulate a true crown gear tooth but an 
approximate crown tooth [Fig. 9.54(c)]. The tips of the cutters move in a 
plane. The pitch angle is slightly less than 90. The error in tooth 
form that results from this approximation is negligible. 

Fellows "On Center" Face Gear. Another type of bevel gear drive 
(Fig. 9.55) consists of an involute spur pinion and a conjugate face gear. 




Fig. 9.55. (Courtesy of The Fellows Gear Shaper Co.) 

The method of generation is shown in Fig. 9.56. This is similar to spur 
gear generation; the cutter reciprocates, and the rotations of cutter and 
face gear are inversely as their numbers of teeth. When a pinion of 
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Fig. 9.56. (Courtesy of The Fellows Gear Shaper Co.) 

substantially the same size as the cutter is meshed with the face gear, 
conjugate tooth action results. 

The pitch surfaces are rolling cones, Fig. 9.57. The portion of the 
line of contact of the pitch cones between P and P f is the locus of the 
pitch points. The common normal at any point of contact of meshing 
teeth passes through this line of contact. This results from a variable 
pressure angle across the face of the gear. It is a maximum at r , as is 
shown at (b). The common normal is tangent to the pinion base circle 
of radius r b and passes through pitch point P. The pressure angle is a 
minimum at r t as shown at (c). The common normal is tangent to the 
pinion base circle and passes through pitch point P'. 

It was shown in Art. 9.16 that an involute spur gear does not have a 
pitch circle until it is meshed with another gear. The following general 
statement is also true: no single gear has a pitch surface. The pitch 
surfaces do not exist until two gears are meshed together. 

If, in Fig. 9.56, a helical cutter is used, a helical pinion of substantially 
the same size as the cutter will mesh with the face gear and conjugate 
tooth action will result. The pitch surfaces will be cones as before. 

The Fellows face gear drive can be made for axes that intersect at 
any angle. 

9.25. Hypoid gears. Hypoid gears are used to connect nonparallel, 
nonintersecting axes. The pitch surfaces are hyperboloids of revolution 
as described in Art. 8.6. The line of contact of the two hyperboloidal 
pitch surfaces is the locus of the pitch points. There is sliding along the 
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Fig. 9.57 

line of contact of rolling hyperboloids; hence there is sliding along the 
tooth elements of hypoid gears. 

Theoretically it is possible to develop an interchangeable tooth system 
for hypoid gears. In practice only those gears that can be conveniently 
cut are produced. At the present time all hypoid gear sets consist of a 
pair, one of which, within reasonable limits, is arbitrarily chosen and the 
other is made conjugate to the chosen one. 

The Fellows "Off Center" Face Gear, Fig. 9.58, is one of the simplest 
hypoid gear sets to produce. The axis of the cutter is offset as shown; 
with the exception of this offset, the generation is the same as in Fig. 9.56. 
When a pinion of substantially the same size as the cutter is meshed 
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Fig. 9.58. (Courtesy of The Fellows Gear Shaper Co.) 

with the off-center face gear, a hypoid pair having hyperboloidal pitch 
surfaces is formed. 

Bevel Type Hypoid Gears Are the Most Widely Used. A pair consists 
of a bevel gear and a conjugate pinion. When these two are meshed, 
hyperboloidal pitch surfaces are formed. The generation of a hypoid 
pinion is similar to the generation of a bevel pinion. Some additional 
adjustments are required on the gear-cutting machine. 

A bevel gear and conjugate bevel pinion are shown in Fig. 9.53 (a). 
A conjugate hypoid pinion having the same number of teeth as the bevel 
pinion, when offset in the direction that increases the spiral angle, has 
a larger diameter. A hypoid set of this type is shown in an automobile 
drive, Fig. 11.12. 

9.26. Noncircular gears are used to produce a variable angular 
velocity ratio. Noncircular rolling curves were discussed in Chapter 8. 
If rolling curves are used for pitch curves, toothed gears can be made to 
produce motion that is equivalent to that of the rolling curves. The 
fundamental law for noncircular gears is: the common normal of teeth 
in contact must pass through the point on the line of centers where the pitch 
curves are tangent. The law for circular gearing is a special case of this 
general law, for circular gears the point is fixed. Noncircular gears 
would be more widely used if they could be produced more economically. 

The gears in Fig. 9.59 were generated with a Fellows cutter. A cam 
was used to produce rolling of the pitch circle of the cutter on the pitch 
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Fig. 9.59. (Courtesy of Miehle Printing Press & Mfg. Co.) 

curve of the noncircular gear. The design and production of this type 
of gear has been described in a paper by Golber.* 



PROBLEMS 

9.1. A pair of meshing spur gears have 17 and 32 teeth, respectively. The 
diametral pitch is 8 and the pinion speed is 1160 rpm. Determine the following: 
(a) pitch diameters, (b) center distance, (c) circular pitch, (d) pitch line velocity 
in fps, (e) rpm of gear. 

9.2. Same as Prob. 9.1 except 15 and 40 teeth, 10 diametral pitch, pinion speed 
1800 rpm. 

9.3. A pair of spur gears have a diametral pitch of 10, a velocity ratio of 2.5, 
and a center distance of 3.5 in. Determine the number of teeth on each gear. 

9.4. A pair of spur gears have 16 and 22 teeth, 2 diametral pitch, ^ in. adden- 
dum, Tff in. dedendum, and 20 pressure angle. The pinion drives in a CCW direc- 

* Golber, H, E., "Rollcurve Gears/ 1 Trans. ASME, 1939, 61:223. 
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tion. Determine the following: (a) pitch circle radii, (b) base circle radii, (c) 
circular pitch, (d) base pitch, (e) length of path of contact, (f) contact ratio, (g) 
angles of approach and recess for driver and follower. Indicate the pitch point 
and the first and last points of contact. 

9.5. Same as Prob. 9.4, except 13 and 17 teeth, 1^ diametral pitch, T 9 ^- in. 
addendum, ^ in. dedendum, and 22^ pressure angle. The pinion is the driver 
in a CW direction. 

9.6. Same as Prob. 9.4, except the pinion is replaced with a rack. The 
gear drives in a CCW direction. 

9.7. Same as Prob. 9.5, except the pinion is replaced with a rack. The gear 
drives in a CW direction. 

9.8. The diametral pitch of a rack is 2 and the addendum is ^ in. Determine 
the smallest pinion that will mesh with a rack without interference when the 
pressure angle is (a) 14*, (b) 20, (c) 22^. 

9.9. A pair of gears have 14 and 16 teeth, the diametral pitch is 2, the adden- 
dum is -3- in., and the pressure angle is 14-^. Show that the gears have inter- 
ference. Determine graphically the amounts of the addendums of the gears that 
must be^removed if interference is to be eliminated. Determine the contact 
ratio for this new condition. 

9.10. Same as Prob. 9.9, except that the gears have 12 and 18 teeth. 

9.11. A gear has 30 teeth, 3 diametral pitch, f in. addendum, and 20 pressure 
angle. Determine (a) the smallest pinion that will mesh with the gear without 
interference, (b) the contact ratio. 

9.12. A gear has 26 teeth, 2 diametral pitch, yV in. addendum, and 22^ pres- 
sure angle. Determine (a) the smallest pinion that will mesh with the gear with- 
out interference, (b) the contact ratio. 

9.13. A pair of gears have 24 and 36 teeth, 6 diametral pitch, and 20 pressure 
angle. Determine the center distance of the axes. The center distance is 
increased 0.12 in. Determine the pressure angle that corresponds to the new 
center distance. 

9.14. Same as Prob. 9.13 except 30 and 40 teeth, 8 diametral pitch, and 
\ATZ pressure angle. 

9.15. For a gear having a 6 diametral pitch, determine the addendum, deden- 
dum, and clearance for the following systems: 14^- composite, 14^ full depth, 
20 full depth, 20 stub, Fellows stub. 

9.16. Same as Prob. 9.15, except the diametral pitch is 4. 

9.17. A 24-tooth helical spur gear has a diametral pitch in the plane of rota- 
tion of 8, and a face width of 1.25 in. The tooth advance is 1.15 times the circular 
pitch. Determine: (a) pitch helix angle, (b) lead, (c) axial pitch, (d) normal 
pitch, (e) pitch diameter. 

9.18. An 18-tooth helical spur gear has a diametral pitch in the plane of rota- 
tion of 6, a face width of 1.5 in. and a helix angle of 23. Determine the (a) 
tooth advance in terms of the circular pitch, (b) axial pitch, (c) normal pitch, 
(d) lead, (e) pitch diameter. 
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9.19. A pair of helical gears have 20 and 30 teeth. The pinion speed is 900 
rpm and the normal diametral pitch is 8. The pinion is left-hand and the helix 
angle is 30. The gear is left-hand and the helix is 40. Determine: (a) angular 
relationship of the axes, (b) circular pitches in the planes of rotation, (c) pitch 
diameters, (d) velocity of sliding in the tangent plane when the gears are in con- 
tact at the pitch point. (Note: The relationship between the diametral pitch and 
the normal pitch is the same as for the diametral pitch and circular pitch in the 
plane of rotation, i.e., the product of the normal pitch and normal diametral 
pitch is TT.) 

9.20. A pair of gears are to have 9 and 36 teeth. They are to be cut with a 
20 full depth cutter of 3 diametral pitch. 

(a) Determine the amount that the addendum of the gear must be decreased 
in order to eliminate interference. 

(b) The addendum of the pinion is to be increased the same amount. Deter- 
mine the contact ratio. 

9.21. A double-thread worm drives a gear having 58 teeth. The axes are at 
90. The axial pitch of the worm is IT in. and the pitch diameter is 3 in. Deter- 
mine the helix angle of the worm, the lead, and the center distance of the gears. 

9.22. The relationship of the axes of a worm and gear are shown in Fig. P 9.22. 
The right-hand triple worm has an axial pitch of ^ in. and a pitch diameter of 
3 in. The gear has 40 teeth. Determine the circular pitch, helix angle, and 
pitch diameter of the gear. 




Fig. P 9.22 

9.23. A pair of bevel gears have 20 and 40 teeth. The diametral pitch is 5 
and the axes are 90. The addendum and dedendum are the same as for 20 
involute stub teeth. Determine the following for the gear: (a) pitch angle, (b) 
face angle, (c) root angle, (d) pitch diameter, (e) outside diameter, (f) cone 
distance, (g) formative radius, (h) formative number of teeth. 

9.24. Same as Proo. 9.23, except gears have 20 and 60 teeth and the diametral 
pitch is 4. 



CHAPTER 10 



Flexible Connectors 



10.1. Introductory. Belts, chains, and ropes are common members 
of this class of links. Some of these can be used in three-dimensional 
drives. They are usually used in tension, although there is one notable 
exception, the use of flexible cables in torsion. 

There are two types of flexible connectors: 

1. Connectors that obtain their flexibility from distortion of the 
material; for example, belts, ropes, and thin steel bands. Motion is 
usually transmitted by means of friction. 

2. Connectors made from small rigid parts that are joined in such a 
manner as to permit relative motion of the parts; for example, chains. 
Motion is usually transmitted by positive means. 

They can also be classified according to use in three major groups: 

1. Hoisting 

2. Conveyors 

3. Power transmission 

10.2. Flat belts. The replacement of central power sources in shops 
with individual motor drives has reduced the use of flat belts. These 
belts still have a place in power transmission, especially for large center 
distances. 




Fig. 10.1 



Fig. 10.2 



Belt drives can be either of the open or crossed type, Figs. 10.1 and 
10.2. The pulleys of an open belt drive rotate in the same direction, 
and pulleys of the crossed belt drive rotate in opposite directions. When 
a belt is bent around a pulley the outer fibers are in tension and the inner 
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fibers in compression. The neutral axis is approximately at the center. 
The angular velocity ratio of the pulleys is (Art. 2.12) 

T~> I j. lc\ 7~> 



t/2 



(10.1) 



Since the belt thickness is small in comparison with the pulley radius it 
is usually neglected. 

In order to design and specify a belt drive it is necessary to determine 
the angles of contact and the belt length. These can be found as follows : 

Open belt (Fig. 10.3) 

= HTTo s 111 " 1 ** 2 > K = Ccos 0, 



57.2 ~~ C 

where <t> and 6 are in radians. 



20 




Fig. 10.3 Fig. 10.4 

The length of the belt is the sum of the two arcs of contact and 2K- 
length = 2 #2 + 3 #3 + 2C cos (10.2) 

Crossed belt (Fig. 10.4) 
1 



= 



_! R* + 

57.2 Sm C~ 



K = C cos 0, 2 = 03 = TT + 20 



length = 2 (/? 2 + #3) + 2C cos (10.3) 

Like all friction drives the transmission of motion is not positive. 
In addition to slipping as it is usually thought of there is another type 
called creep. The belt on the tight side stretches more than on the loose 
side. An element of belt becomes shorter as it passes around the driver 
from the tight to the loose side and becomes longer when it passes around 
the follower from the loose to the tight side. This is always present and 
causes the follower to turn at a lower speed. In an average drive the 
combined slip and creep is 2 to 4 per cent of the ideal speed. 

A flat belt will work off a pulley during operation unless means are 
taken to keep it centered. The most common method is to crown one 
or both pulleys. The surface of a crowned pulley (Fig. 10.5) consists 
of the frustra of two cones with their common base at the center. A belt 
when placed on one side of a crowned pulley and subjected to tension will 
take the form shown. When the pulley is rotated one-quarter turn the 
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-Foct width- 

, C 



D 



Fig. 10.5 

friction between the belt and pulley will move point B on the belt to C. 
The edge of the belt will lie along line CD. Further rotation will carry 
the belt to the center of the pulley. If the belt on a moving pulley is 
forced to one side and then released, it will very quickly climb to the 
center. The crowning, indicated as A, is usually i to i in. per foot of 
width of the pulley face. 

10.3. Flat belts connecting nonparallel shafts. The law of 
belting requires that the center line of the belt on the side approaching 
the pulley must lie in the plane of the pulley. A quarter-turn belt is 
shown in Fig. 10.6. For the directions of rotation shown, the law of 
belting is fulfilled. If the directions are reversed, the belt will not stay 
on the pulleys. If a quarter turn belt is to operate in either direction 





Fig. 10.6 



Fig. 10.7 
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(Fig. 10.7), a guide pulley must be used. This pulley must be properly 
placed so that the law will be fulfilled for either direction of rotation. 

Any two pulleys in space can be connected with a flat belt if a sufficient 
number of properly spaced guide pulleys are used. 

10.4. V-Belts. The cross section of a V-belt is trapezoidal. A 
typical section is shown in Fig. 10. 8 (a). In order to utilize the advan- 
tages of a V-belt the groove should be deep enough so that the belt does 
not bottom in the groove. This produces a wedging action and the belt 
will transmit power with very little initial tension. This permits the use 
of short center distances, and frequent adjustments are not required. 




(b) 




V-belts are usually made endless, the several components being 
vulcanized in a mold. If one belt will not transmit the power, two or 
more can be used in parallel. When it is necessary to replace one belt 
the entire set should be replaced. A new belt when used with worn 
belts will carry more than its share of the load. 

If both sides of a belt are to be used for driving, the type shown at 
(c) should be used. 

A V-belt can be used on a quarter-turn drive [Fig. 10.8 (e)] if the 
speed ratio is not greater than 2.4:1 and the center distance is 6 to 
6 times the diameter of the larger pulley. 
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10.5. Roller chains are used principally for power transmission. A 
section of chain is shown in Fig. 10.9. The pin is fastened to the outer 
set of links so that it does not rotate relative to them. The bushing is 
fastened to the inner links. This insures that the only sliding in the 
joint will be that due to the pin turning in the bushing. The area of 
contact is large and the wear is slight. The hardened steel roller is 
free to turn on the bushing. 



J I 



J L 



-Bushing 
-Roller 



\\VO\V1 




Fig. 10.9 

If a single-strand chain does not have the required capacity, a mul- 
tiple-strand chain can be used. These are equivalent to two or more 
single strands placed side by side, with long pins passing through the 
entire width of the chain. 

The seating of a roller chain on a sprocket is shown in Fig. 10.10. 
When the chain is new the rollers seat at the bottom of the tooth spaces. 
As the chain wears the pitch becomes longer. The tooth profiles are 
made so that the force of the sprocket on the roller has a component 




Fig. 10.10 

radially outward. This force causes a worn chain to take a position on 
the sprocket teeth that corresponds to the worn pitch. This distributes 
the load among all the teeth that are in contact with the chain. 

Roller chains can be used for drives similar to that in Fig. 10.8 (d). 
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10.6. Impact loading. It was shown in the chapter on gearing 
that theoretically correct gear teeth come into contact without impact. 

Because of inaccuracies in machining 
and deflections there is always some 
impact. This can be reduced by using 
gears made with a high degree of ac- 
curacy. In roller chains, impact load- 
ing is inherent in the design. The im- 
pact velocity between a chain roller and 
a sprocket can be determined using Fig. 
10.11. When the sprocket turns with 
uniform angular velocity through angle 
0, link BC rotates relative to the 
sprocket through angle 6 with velocity 
co and strikes the sprocket. This can 
be seen if inversion is considered. The 




Fig. 10.11 



sprocket is fixed and the chain is wrapped around it with angular velocity 
co. The impact velocity is the velocity of B along the arc BD. It is 

P " P 

= _co = 



T7 

V = 



t 

fps 



where P is the pitch in inches and N is the speed of the sprocket in revolu- 
tions per second. The presence of impact loading is one reason why 
chains with large pitches cannot be operated at high speeds. 

10.7. Chordal action. In general the sprockets of a chain drive do 
not have a constant angular velocity ratio, and the linear velocity of the 
chain is not constant. This is because the chain does not wrap around 
the sprocket in the form of a pitch circle, but in the form of a pitch 
polygon. It was shown in the previous article that this also produced 
impact loading. 

Two 6-tooth sprockets and a chain are shown in Fig. 10.12. For a 
constant co the linear velocity of the chain for the phase shown with 
solid lines is V = Ru and for the phase shown with broken lines is 
V = Kco cos 30. The centerline of the chain on the driving side remains 




-V=Ru>cos30 



o o 

Fig. 10.12 




3 
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parallel to the line of the centers for all phases, and the angular velocity 
ratio of the two sprockets is constant. 

Chordal action is more pronounced with sprockets having a small 
number of teeth. The per cent variation in chain velocity, C -5- R, for 
sprockets having different numbers of teeth is shown in Fig. 10.13. 




2 4 6 8 10 12 
Speed variation , percent 

Fig. 10.13 

When it is necessary to use small sprockets those with an odd number 
of teeth are usually selected. When the chain velocity is increasing on 
one side it is decreasing on the other. The inertia forces on the two 
sides tend to balance each other. 

Unequal sprockets are shown in Fig. 10.14. In addition to a variable 
chain velocity the angular velocity ratio of the sprockets is not constant. 




Fig. 10.14 

The line of transmission cuts the line of center at different points. Two 
locations, M and AT, are shown. 

10.8. Silent or inverted tooth chains are used for power trans- 
mission. A Morse Hy-Vo silent chain drive is shown in Fig. 10.15 and 
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Fig. 10.15. (Courtesy of Morse Chain Co.) 

a conventional Morse silent chain and sprocket is shown in Fig. 10.16. 
A rocker joint consisting of two parts A and B is used. Each part is 




Morse silent chain 
Fig. 10.16 

fixed relative to one set of links. When a joint is flexed there is approxi- 
mate rolling of A on B. The joint of a Link Belt chain is shown in 
Fig. 10.17. Two partial bushings and a cylindrical pin are used. One 
bushing is fixed relative to one set of links and the other bushing is fixed 
relative to the other set of links. When a joint is flexed the only sliding 
that occurs is between the bushings and the pin. Compared with a pin 
only, this arrangement nearly doubles the area of contact and provides 
a single area that facilitates lubrication. 
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In many silent chain drives chordal action is present. In some designs 
it has been practically eliminated. One such chain is made by the Link 
Belt Company, Fig. 10.18. The chain profiles are curved to produce 



TANGENT LINE 



PITCH LINE 




TANGENT LINE 



PITCH LINE 



Fig. 10.18. (Courtesy of Link-Belt Co.) 

gradual seating and to hold the tangent line in a fixed position. A series 
of positions are shown to illustrate the seating of a link. The determina- 
tion of these contours is somewhat analogous to designing a conjugate 
rack and pinion. Another type that has very little chordal action is the 
Morse Hy-Vo. In this drive the chain profiles are straight and the 
sprocket teeth are involute. A comparison of a roller chain (top) and a 
Hy-Vo chain (bottom) is shown in Fig. 10.19. Both chains are 2 in. 
pitch and are operating at a speed of 3600 fpm. 

10.9. Bead chains. A three-dimensional bead chain drive is shown 
in Fig. 10.20. The beads in these chains range in size from -^ to f in. 
in diameter. The range of tensile strength is from 18 to 185 pounds. 
They are used in applications where a positive drive is desired and the 
load is small, as for example, in business machines. These drives are 
inexpensive. 
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Fig. 10.19. (Courtesy of Morse Chain Co.) 




Fig. 10.20 

10.10. Conveyor chains. There are many types of conveyor 
chains, two of which are shown in Fig. 10.21. The Ewart detachable 
link chain is shown at (b); one link is shown in a partially assembled 
position. These links are malleable castings. The Ewart link at (a) 
is made from strip steel. It is one of the many types of attachment links. 
A pintle chain is shown at (c). 
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Fig. 10.22 
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10.11. Differential chain hoist. A differential hoist using coil 
chain is shown in Fig. 10.22. The manner in which the links engage the 
sprocket is shown at the left. A load W is raised by pulling on the chain 
indicated. The two sprockets at the top are fastened together and form a 
compound sprocket. The circumference of the pitch polygon of the 
larger sprocket is N B P, where N B is the number of the pitches and P is 
the pitch. The circumference of the smaller sprocket is N C P. When the 
compound sprocket is turned once, the chain that supports the lower 
pulley is shortened the amount (N B N C )P- The movable pulley is 
supported by two chains; hence the lift is ?(N B N C )P. The mechanical 
advantage is 

N B P 2 



M. A. = 



- N C )P 



The mechanical advantage can also be determined by the use of 
velocity vectors (Art. 4.4), where V b is the assumed input velocity. 
Velocities V c and Vd are determined and then transferred to E and F. 
Velocity V g is the upward velocity of the weight. The mechanical 
advantage is V b /V g . 

10.12. Variable-speed drives. One of the simplest types of variable 
speed drives is shown in Fig. 10.23. The sides of each pulley can be 
moved axially relative to each other. This produces variable-pitch 




Fig. 10.23 

pulleys. Two positions for the belt are shown. V-belts that are stand- 
ard except for their extra width are made for use in this type of drive. 
The extra width makes a wider speed range possible. 

The Link Belt Company's P.I.V. (Positive Infinitely Variable) drive 
is shown in Fig. 10.24. The conical surfaces of the sprockets are fluted, 
the ridges on one side being opposite grooves on the other. Each link 
in the chain contains a stack of thin flat steel strips that are free to move 
perpendicularly to the length of the chain. As the chain engages the 
sprockets, the ridges on one side push strips into the grooves on the 
opposite side, making a positive drive. The hand wheel at the left 
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Fig. 10.24. (Courtesy of Link-Belt Co.) 

controls the speed ratio. The sprocket halves are mounted in such a 
way that when one pair is moved closer together the other pair moves 
farther apart. 



PROBLEMS 

10.1. The diameter of the small pulley of an open belt drive is 10 in., the rpm 
is 900, and that of the large pulley is 300. The center distance is 8 ft. Neglect 
slip and creep. Determine: (a) diameter of the large pulley, (b) belt speed, (c) 
angles of belt contact on the two pulleys, (d) length of belt. 

10.2. Same as Prob. 10.1, except rpm of large pulley is 250 and center dis- 
tance is 6.5 ft. 

10.3. Same as Prob. 10.1, except belt is crossed. 

10.4. Same as Prob. 10.2, except belt is crossed. 
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10.5. Same as Prob. 10.1, except the combined slip and creep is assumed to 
be 3%. 

10.6. Step pulleys, Fig. P 10.6, are used to obtain different angular velocity 
ratios by shifting the belt. Show that a single crossed belt that fits on one pair 
will fit on any pair if Z>i + d\ Z) 2 + d 2 = D s + d 3 = constant. (This is 
not true for an open belt. A graphical solution for this type of drive is given in 
the Marks Handbook.) 




Fig. P 10.6 

10.7. A 0.75-in. pitch roller chain engages two sprockets, each having 10 
teeth. The driver turns with a constant speed of 1200 rpm. 

(a) Determine the maximum, minimum, and average linear speed of the 
chain. This is the horizontal speed in Fig. P 10.7 (a). Use the circumference 
of the pitch polygon to determine the average linear speed. 

(b) Determine the impact velocity between sprocket and chain. 

(c) Show that the linear velocity-time curve consists of portions of sine curves 
as shown at (b). Determine the maximum horizontal acceleration of the chain. 
Determine a time interval t\. Note that the chain also has vertical velocity and 
acceleration. Values can be determined in the same manner as above. If whip 
of the chain is neglected, the analysis can be made using the equivalent 4-bar 
linkage shown at (c). 



choin 





(a) 



Time 
(b) 
Fig. P 10.7 



(c) 
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10.8. Same as Prob. 10.7, except pitch is 0.625 in., number of sprocket teeth 
iii 9, rpm is 1400. 

10.9. The compound sprocket of a differential chain hoist has 20 and 22 
teeth. Assuming a pull on the hand chain of 150 Ib and 100% efficiency, deter- 
mine the weight that can be lifted. 

10.10. The compound sprocket of a differential chain hoist has 15 and 16 
teeth. The load to he lifted is 1800 Ib and the efficiency is 100%. Determine 
the required pull on the hand chain. 



CHAPTER 11 



Gear Trains, Translation Screws 



11.1. Definitions. Two or more gears form a gear train when they 
are used to transmit motion from one shaft to another. Belts, chains, 
and screws are often used in conjunction with gear trains and are con- 
sidered a part of the train. There are two types of gear trains, ordinary 
and epicyclic. The axes of all gears of an ordinary gear train are fixed 
relative to the frame. In the epicyclic train the axis of at least one gear 
moves in the path of a circle. 

The angular velocity ratio of any pair of meshing gears is always 
inversely as the numbers of teeth. In general, when there is sliding 
along the tooth elements as in worm, helical, and hypoid gears, the angu- 
lar velocities are not inversely as the diameters. If gears having parallel 
axes rotate in the same direction, the ratio is positive, if in opposite 
directions, it is negative. 

11.2. Ordinary gear trains are of two types, simple and compound. 
In a simple train, Fig. 11.1, there is only one gear on each axis. Gear A 




Fig. 11.1 

drives 5, B drives (7, C drives Z>, and D drives E. The pitch line veloc- 
ities of all gears are the same. The angular velocity ratio of A to L 
is inversely as the numbers of teeth on A and E. Gears B, (7, and D 
are called idler gears. They are used for two purposes: to control the 
directional relationship of A and E and to make possible a large center 
distance without the use of large gears. A train similar to Fig. 11.1 
has been used in opposed-piston Diesels for connecting the two crank- 
shafts. The easiest way to keep track of directions is to draw directional 
arrows on the gears. 
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Fig. 11.2 



A compound train has one or more shafts with two gears (Fig. 11.2). 
If the speed of A is 1200 rpm CW, the speeds of the other shafts will be 

U B = 1200 X H = 400 rpm CCW 
cox, = 400 X H =* 11* rpm CW 
WF = 114 X i* = 45.6 rpm CCW 
o> G = 45.6 X f* = 80 rpm CW 

The train value is the ratio of the speeds of the first and last shafts. In 
this case it is 

-1200 



e = 



-80 



= +15 



The train value can be found from the products of the ratios of all pairs 
of gears. It is 

_ product of numbers of teeth on driven gears 
product of numbers of teeth on driving gears 

= (**X**)(f*X**) - +15 

The idler F serves as both a driver and driven gear. Its only effect on 
the train value is on the sign. 

11.3. Automobile transmission. A typical three-speed trans- 
mission is shown in Fig. 11.3. When the input and output shafts are 
coaxial, as is the case here, the train is called a reverted train. Gear A 
turns with the engine shaft. Gears 5, C, E, and G are made in one unit 
or are rigidly fastened to the countershaft. Gear H is an idler that 
meshes with G. These gears are always in motion when the shaft to 
engine is in motion. Gears D and F can slide axially on the spline shaft 
to rear whefts. The transmission is shown in neutral, so that there is 
no connection between the shaft to engine and shaft to rear wheels. 
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SHAFT TO ENGINE M A 




Fig. 11.3. (Courtesy of General Motors Corp.) 

For low or first speed, F is shifted to the left and meshes with E. 
The train value of ABEF is 



For second or intermediate speed, D is shifted to the right arid meshes 
with C. The train value of ABCD is 

e = ft X n = 1-77 

Gear A is made with a jaw clutch face X and D with clutch face Y. 
For high or third speed D is shifted to the left, engaging X and F. This 
gives a direct drive with velocity ratio of 1. 

For reverse F is shifted to the right and engages with idler H. The 
ratio of the drive through ABGHF is 

tt X H X = -4.27 

11.4. Epicyclic gear trains are also called planetary gear trains. 
The gear at the center is called the sun, and the gears that have moving 
axes are called planets. A few words about the movement of the earth 
will help in understanding epicyclic gear trains. The eartn turns on its 
axis 366 times in one year. A sidereal day has 23 hours, 56 minutes, 
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4.09 seconds of mean solar time. An astronomer when tracking a star in 
space must set his telescope to rotate at the rate of one revolution per 
sidereal day. When tracking the sun he sets it to rotate at one revolution 
in a solar day or 24 hours. 

If the earth had no rotation about its own axis relative to the universe 
but still moved around the sun in the manner of a ferris wheel car, there 
would be one day in a year. This is shown in Fig. 11.4. Here is an 




Evening 
Fig. 11.4 

observer on the earth. If the earth turned on its axis in the opposite 
direction or went around the sun in the opposite direction there would be 
367 j days in a year instead of 365-j-. The absolute rotation would still 
be 366^- turns a year. The principle of relative motion that is involved 
here appears in the calculations of every epicyclic gear train. 

In Fig. 11.5(a) gear C is attached to an arm. If the gear does not 
turn relative to the arm and the arm is turned one revolution, the gear 
will also turn once in the same direction, i.e., the gear makes one absolute 



I2T 






(b) 



(0 



Fig. 11.5 



198 GEAR TRAINS, TRANSLATION SCREWS [Ch. 11 

turn. At (b) gear C of 12 teeth meshes with the fixed gear B of 36 teeth. 
Gear C is free to turn relative to the arm. If the arm is rotated once in 
a negative (CW) direction, C will roll on the outside of B and make 
ft = 3 turns relative to the arm in a CW direction. But the arm has 
also made one CW turn. Hence the absolute turns of C is 3 1 = 4. 
At (c) an idler gear D is placed between B and C. When the arm is 
rotated once CW, gear C makes 3 CCW turns relative to the arm. The 
absolute turns of C is then 

+3 - 1 = +2 

It is possible to solve epicyclic gear train problems step by step using 
this type of reasoning. Most problems become so involved that it is 
almost impossible to prevent errors. It is desirable to develop a simple 
general method that can be applied in all cases. Equation (11.1) 
expresses a relationship that is easy to apply. 

(11.1) 

^ ' 



HI a 

where n f = number of absolute turns of the first gear in the train 
n/.= number of absolute turns of the last gear in the train 
a = number of absolute turns of the arm 
e = train value relative to the arm 

It was shown in Art. 2.7 that the motion of one body relative to 
a second body is the vector difference of their absolute motions. In 
this case the turns of the first gear in the train relative to the arm is the 
absolute turns of the gear minus the absolute turns of the arm, n f a. 
Likewise the turns of the last gear in the train relative to the arm is 
n t a. The ratio of the turns of the first and last gears in the train 
relative to the arm is the train value e relative to the arm. The motions 
of all parts of the train are correctly related in this equation. Any one 
of the terms can be the unknown. The use of this equation will be 
illustrated with several examples. 
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Example 1. The arm of the train shown in Fig. 11.6 turns once in a positive 
direction. It is desired to find the number of turns made by gear D. Using Eq. 

(11.1), 



e = 



a 



the train value is determined from the numbers of teeth on the gears, NI, Nf, 
.... The gear on either end can be considered the first. In this example let 
D be the first and the fixed internal gear A the last; then 

_ 150 50 15 _ _ n/_- ( + 1) 

e ~ 50 X 15 X 20 ~ +7i ~ - ( + 1) 

n f = 6fr 

The arm and gear D turn in opposite directions. 

Example 2. A reverted train is shown in Fig. 11.7. It is desired to find the 
number of turns that the arm makes when A turns once. Let the fixed gear D 
be the first, and A be the last gear. Then from Eq. (11.1), 



101 101 
100 X 100 



,.02, - 



a = +50.7 
The arm and gear A turn in the same direction. 
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Fig. 11,7 

11.5. Tabular method. Another method of solving epicyclic gear 
trains is to break the motions of all elements into a sequence of two 
absolute motions. In Example 1 (Fig. 11.6) the arm was rotated once 
in a positive direction. This produced definite angular displacements of 
B y C, and D. These same displacements can be made as follows. Lock 
the train so that the parts can have no relative motion and rotate it one 
positive turn. The arm has now been displaced its proper amount but 
the gears have not. Gear A should have remained fixed. This is taken 
care of by holding the arm fixed and rotating A one negative turn. This 
brings it back to its original fixed position. The rotation of A rotates 
B y C, and D so that they arrive at their proper displacements. 
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Example 3. Example 1 will be worked by this method. It is convenient to 
use a table similar to the one shown below. 



MEMBER 


Arm 


A 


B 


C 


D 


Train locked and given one 
positive turn 


+ 1 


+ 1 


+ 1 


+ 1 


+1 


Arm fixed, A given one 
negative turn 





-1 


150 

sir 


, 1 5 _ vx 50 


-Wxf&xft 


Resultant turns 


+ 1 





-2 


+ 11 


-6* 



Example 4- Example 2, Fig. 11.7, will be worked by this method. 



MEMBER 


Ann 


A 


B 


C 


D 


Train locked and given one positive 


+ 1 


4-1 


4-1 


4-1 


4-1 


turn 












Arm fixed, D given one negative turn 





100 ^ 100 

-ToT X TTTT 


I 100 

4- TOT 


, 1 

+T<5T 


-1 


Resultant turns 


4-1 


4-0.0197 


1 . 99 


1 . 99 






The ratio of the turns of the arm to gear A is 

1 _ Kf) 7 

0.0"! 97 ~ ' 

11.6. Epicyclic trains having no fixed gear 

Example 5. An example of this type of train is shown in Fig. 11.8. The 
speed of the shaft carrying A and B is +300 rpm. The speed of gear J is wanted. 



r/A 






F 95T 


6 


W- 


g 




*. 


- 


- 


J 


E " 
Z5T 


- 







L_^H-I5T 



DT-E^-J 



-fe 



7ST 



36T 40T 

Fig. 11.8 

The speed of gear C and the arm is 

+300 X (-11) - -450 rpm 
The speed of gears D and E is 

+300 X (-!) = -600 rpm 
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Gears A and B are drawn with broken lines since they are not part of the epicyclic 
train. The basic train consists of EFGHJ and the arm. Let E be the first 
gear and J the last. Then 

Z5 v 15 v ?5 = _Q ^ = -600 - (-450) 
15 30 25 ~'nj - (-450) 

nj = 434.3 rpm 

11.7. Epicyclic drive for controllable-pitch propeller. This is 
shown in Figs. 11.9 and 11.10. Two trains are used, ABODE and 




Fig. 11.9. (Courtesy of Curtiss Wright Corp.) 
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FGHIJ. The total reduction ratio is the product of the reduction 
ratios of the individual trains. This will be worked as an example. 

Example 6. Train ABODE will be considered first. Neither the relationship 
between A and the arm nor between E and the arm is known. There are too 
many unknowns to work this in one step. Here ABC and the arm will be con- 
sidered first to obtain a relationship between A and the arm. Let A be the first 
gear, C the last, and let the arm have one positive turn. Then 

120 54 _ n _ na - 1 
54" X 12 " 1U " 0~1~ 

n = 11 

Gear C can now be disregarded if this relationship between A and the arm is 
maintained. This is the type of problem treated in the previous example. Con- 
sider the train ABDE and the arm. Let A be the first and E the last. Then 

M? X = - 10.956 - 1LZL1 

46 12 n e 1 

n e = 0.08725 

When A turns 11 times E turns 0.08725 times in the same direction. The ratio 
of A to E is 



11 



= 126 



0.08725 

In like manner the reduction ratio of train FGHIJ is found to be 59.5. The 
over-all reduction is then 

over-all reduction = 126 X 59.5 = 7497 

By changing the numbers of teeth it is possible to design a similar 
reducer to fit in the same housing having a ratio of 188,400: 1. This is 
equivalent to the reduction of a single pair of gears, the pinion being 
1 in. in diameter and the gear diameter approximately 3 miles. 

, 11.8. Epicyclic bevel-gear trains. A compound train is shown in 
Fig. 11.11. This train can be analyzed in the manner of the previous 
example. Here A turns +1200 rpm. The speed of E is desired. The 

/75T 

/24T 
,I2T 



I5T 




Fig. 11.11 



Sec. 11.9] GEAR TRAINS, TRANSLATION SCREWS 



203 



train ABC and the arm are considered first to obtain a relationship 
between A and the arm. Let A be the first gear and C the last. Then 

75 60 1200 - a 

60 X 15 - a 

a = +200 rpm 

Next consider the train ABDE and the arm. Let A be the first gear 
and E the last. Then 

24 v - _ - 12QQ - 2QQ 
12 X l5 ~ * ~~ 

n E = +75 



n E - 200 
rpm 

Gears B' and D f are shown with broken lines. Kinematically they are 
not necessary but are usually included to maintain balance. Their use 
also distributes the tooth load among more gears, and the gears can be 
made smaller. 

11.9. The automobile differential or epicyclic equalizing gear 
(Figs. 11.12 and 11.13) is used to prevent slipping of the wheels when 




Fig. 11.12. (Courtesy of Ford Motor Co.) 

the automobile moves in a curved path. It is necessary to permit the 
outside wheel to rotate faster than the inside wheel. In Fig. 11.13 the 
arm is attached to the ring gear. Gears A and C are the same size. 
Let the angular velocity of the ring gear and arm be k. Let A be the 
first gear, C the last, and N the number of teeth. Then 

N b n A - k 



e = 



N~ b 



n c k 
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giving n A + n c = 2fc. When the automobile is traveling in a straight 
path, HA = no = fc. Here ^L, 5, and C have no rotation relative to 
each other. If the left wheel is on dry pavement and the right wheel is 
on ice with insufficient friction to cause motion of the automobile, the 
left wheel will remain stationary and the right wheel will rotate at twice 




Fig. 11.13 

the ring gear speed. This is a disadvantage of this mechanism. When 
the automobile moves in a curved path, A and C adjust their speeds so 
that there is no sliding. Their sum is always 2k. 

11.10. Translation screws. Screw fastenings such as bolts, cap- 
screws, and setscrews are used for holding. When they are put in place 
they are not disturbed unless it is necessary to disassemble the machine. 
Translation screws are used to produce motion. The shapes of the 
threads often differ from the threads of screw fasteners in order to 
produce better wearing qualities and reduce friction losses. Four thread 
forms are shown in Fig. 11.14. The American standard thread is used 
for screw fasteners. 

The lead and pitch of a screw have the same meaning as for worms 
(Fig. 9.43). Unless otherwise stated it is assumed that a screw is right- 
hand and single. A jack having a single right-hand thread with 1 in. 
pitch is shown in Fig. 11.15. One clockwise turn of the handle when 
viewed from below will raise the load ^ in. If the thread is triple, one 
turn of the handle will raise the load f in. The base of the jack serves 
as a stationary nut. 

A compound screw consists of two screws in series arranged so that 
the resultant motion produced is the sum of the individual motions. 
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Fig. 11.15 

In Fig. 11.16 the large screw has 6 threads per inch and the small screw 
7 threads per inch. If the handle is turned once clockwise when viewed 
from the right, the screw moves 1 inch to the left relative to the frame 
and block 3 moves y inch to the left relative to the screw. The total 
movement of the block relative to the frame is y + i 0.31 inch to the 
left. 




Fig. 11.16 



Fig. 11.17 



A differential screw consists of two screws in series arranged so that 
the resultant motion produced is the difference of the individual motions. 
In Fig. 11.17 the handle is turned once clockwise when viewed from 
the right. The screw moves -J- inch to the left relative to the frame. 
The block moves \ inch to the right relative to the screw. The resultant 
motion of the block relative to the frame is -g- y = 0.0238 inch to the 
left. 



PROBLEMS 

11.1. Determine the speed and direction of rotation of gear G in the gear train 
shown in Fig. P 11.1. 
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900rp.m. 

Fig. P 11.1 Fig. P 11.2 

11.2. Determine the speed and direction of rotation of shaft F in the gear 
train shown in Fig. P 11.2. 

11.3. Gear H in the train shown in Fig. P 11.3 is to rotate at approximately 
14.3 rpm. Determine the number of teeth on gear //. Do // and A rotate in 
the same or opposite directions? 

B l5"Dio. 



rp.m. 



A24 





Fig. P 11.3 



Fig. P 11.4 



11.4. A conveyor belt, Fig. P 11.4, is to move with the velocity shown. 
Determine the number of teeth on gear B and the direction of rotation of gear A. 

11.5. The train value of the reverted train shown in Fig. P 11.5 is to be 12. 
The diametral pitches of gears A and B is 8, and of gears C and D is 10. Deter- 
mine suitable numbers of teeth for the gears. No gear is to have less than 24 
teeth. 



Triple Worm 
eOOr.p.m. A 



Cable 



'7 




Fig. P 11.5 

11.6. Determine the speed of the cable shown in Fig. P 11.6. 

11.7. Determine the mechanical advantage of the cable-winding mechanism 
shown in Fig. P 11.7. 
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A Double 





Fig. P 11.7 



Fig. P 11.8 



11.8. In Fig. P 11.8, gear A is fixed and the arm is turned 3 revolutions in a 
clockwise direction. Determine the number and direction of absolute turns of 
gear C. 

11.9. In Fig. P 11.8, gear A turns 2 revolutions in a counterclockwise direc- 
tion while the arm turns 4 revolutions in a clockwise direction. Determine the 
directions and absolute turns of gears B and C. 

11.10. In Fig. P 11.10, gear A is fixed. The arm is turned once in a clockwise 
direction. Determine the number of absolute turns and directions of gears J3, 
C, D, and E. 

11.11. In Fig. P 
1.1.10, gear B is fixed. 
The arm is turned once 
in a clockwise direc- 
tion. Determine the 
number of absolute 
turns and directions of 
gears A, C, D, and E. 

11.12. Determine 
the speed and direction 
of rotation of gear F in 
Fig. P 11.12. 
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Fig. P 11.10 



A25 
Fig. P 11.12 



11.13. A ball bearing is shown in Fig. P 11.13. 
The inner race rotates with the shaft at 1000 
rpm. Assume pure rolling between the rollers 
and races. Determine the speed of the roller 
cage. 




Fig. P 11.13 
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11.14. In Fig. P 11.14, the diameter of the hand-chain sprocket A is 14 in. and 
the diameter of the hoisting chain sprocket E is 5 in. Determine the mechanical 
advantage of the hoist. 

11.15. Determine the speed and direction of rotation of gear E in Fig. P 11.15. 
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Fig. P 11.14 



Fig. P 11.15 




11.16. Determine the speed and direction of rotation of gear E in Fig. P 11.16. 

11.17. Determine the speed and direction of rotation of gear A in Fig. P 11.17. 
Gears B, C, and E are one rigid unit. 
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Fig. P 11.18 



11.18. The mechanical advantage of the hoist shown in Fig. P 11.18 is to 
be approximately 25. Determine the numbers of teeth on gears A and B. 

11.19. The mechanism shown in Fig. P 11.19 is similar to that of Fig. 8.9. 
Cone B turns 10 times and cone D turns 4 times. Determine the number and 
directions of the turns of E. 

11.20. In Fig. P 11.20, gears A and C turn once. Determine the number and 
directions of the turns of gear L. 



GEAR TRAINS, TRANSLATION SCREWS 



209 




FIOO 



A20 



C36 



H30 



i 



K45 



B40 



024 




185 



Fig. P 11.19 



Fig. P 11.20 



11.21. In Fig. P 11.21, gears A and H turn once. Determine the number and 
direction of the turns of the arm. 





A40 



Fig. P 11.21 Fig. P 11.23 

11.22. The pitch of the screwjack thread (Fig. 11.15) is | in. and the radius 
of the handle is 12 in. Determine the mechanical advantage. 

11.23. The turnbuckle (Fig. P 11.23) is to be turned without the use of a 
lever or wrench. Determine the mechanical advantage when: (a) the threads 
are the same hand, (b) the threads are of opposite hand. 

11.24. A differential screw press is shown in Fig. P 11.24. How many times 
must the handwheel be turned to lower the plate rs* in. 
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Fig. P 11.24 



Fig. P 11.25 



11.25. The crank in Fig. P 11.25 is turned once in a clockwise direction when 
viewed from the right. Determine the direction and distance that the small 
screw moves relative to the frame. 



CHAPTER 12 



Miscellaneous Mechanisms 



12.1. Four-bar linkages* are of such importance that it is some- 
times desirable to build an adjustable mechanism to make rapid investi- 
gations of their motions. One such mechanism is shown in Figs. 12.1 
and 12.2. The lengths of the four links AB, EC, CD, and DA can be 
controlled by adjustments at joints 2, 3, and 4. Here E is a point in 
coupler link BC. Its position relative to points B and C is controlled 




Fig. 12.1. (Courtesy of Machine Design.) 

by the adjustment at F. A pencil is placed at E. When the handwheel 
is turned the pencil traces the coupler curve. Some typical curves are 
shown in Fig. 12. 3 (a). The proportions of the mechanism are changed 
each time until a satisfactory curve is obtained. An example is shown 
in Fig. 12.3 (b). This mechanism is used to produce intermittent film 
motion. Other examples can be found in automatic machines such as 
those for wrapping, packaging, printing, weaving, vending, etc. 

* This article is taken from " Four-bar Linkages " by Josef Boehm, Machine Design, 
August 1952. 
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Fig. 12.2. (Courtesy of Machine Design.} 




FILM 




12.3a. (Courtesy of Machine 
Design.) 



Fig. 12.3b. (Courtesy of 
Machine Design.) 



The approximate velocity of point E can be obtained by using a 
sharp point instead of a pencil at E. The coupler curve is plotted as a 
series of points pricked in the paper and corresponding to a series of 
equal angular settings of the handwheel. The distances between the 
points can be used to estimate the velocity. After a satisfactory curve is 
obtained an accurate velocity and acceleration analysis can be made by 
the methods previously considered. 
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12.2. Universal joints are used to connect intersecting shafts. One 
of the simplest types, Fig. 12.4, is used in toys. It is included here 
because of its simplicity and its basic theory. Shafts 2 and 3 are of very 
small diameter and are equally bent, fa fa. For the phase shown 
with solid lines the point of contact of 2 and 3, point 5, lies in the plane 
of the paper. It also lies in the homokinetic plane. This is the plane 
that is normal to the plane containing the shafts and bisects the angle 
between them. The velocity of B as a point in 3 coincides with that of 
B as a point in 2. The perpendiculars to the axes, BC and BD, are equal. 
These same conditions hold for the phase shown with broken lines. 
Because of symmetry the point of contact B will lie in the homokinetic 



Homokinetic plant 




Fig. 12.4 

plane for all other phases. Velocities V B2 and V Bz do not coincide for the 
phases that are not in the plane of the paper. Because of symmetry they 
will make equal angles with the homokinetic plane. The driving and 
driven components of these two vectors in the homokinetic plane must be 
equal. Then V Bz and V Bz are equal in magnitude. The perpendiculars to 
the axes are also equal. The angular velocity ratio of driver and follower 
is therefore unity for all phases. 

The requirement of a universal joint to transmit motion with a 
constant velocity ratio is fulfilled if the power-transmitting elements (in 
the above example there is only one, the point of contact B) lie in the 
homokinetic plane for all phases. 

The Bendix-Weiss joint is shown in Figs. 12.5 and 12.6. Power is 
transmitted from one fork to the other through balls. The small ball 
in Fig. 12.5 is used at the center for a spacer. The principle of the joint 
is shown in Fig. 12,6, Each ball fits in two grooves or races, one being 



Sec. 12.2] 



MISCELLANEOUS MECHANISMS 



213 





'Fig. 1^2.5. (Courtesy of* Bendix Aviation Corp.) 



DRIVING SHAFTX 



HOMOKINETIC 
75 PLANE. 




Fig. 12.6. (Courtesy of Bendix Aviation Corp.) 

in each fork. The grooves are designed so that they always intersect 
in the homokinetic plane. The balls can lie only at the intersection of 
the grooves. This joint therefore transmits motion with a constant 
angular velocity ratio. 

The Hooke or Cardan* joint is shown in Fig. 12.7. A schematic 
diagram is shown in Fig. 12.8 (a). The nature of the motion can be 

* An Italian, Cardan (1501-1576), was the first to describe this joint. An English- 
man, Robert Hooke (1635-1703), first applied it for the transmission of rotary motion. 
Hooke was a physicist, mathematician, and inventor. He is most widely known for 
Hooke's law, which is stated in all strength of materials books. 
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Fig. 12.7. (Courtesy of Boston Gear Works.) 

determined by using Fig. 12.8 (b) and (c). At (b) fork P lies in the 
horizontal plane and fork S in the vertical plane. The angle between 
the shafts is /?. As P rotates, points B and C move in a circle as shown 
in (c). Points D and E move in a circle of the same size. This circle 
is projected in the plane of the paper in (c) and appears as an ellipse. 
When P is displaced by an angle </>, point B moves to ' and D to D'. 
Angle DOD' is equal to <. (A little consideration will show that this 
is correct. At (d) right angle BOD lies in the plane of the paper. Point D 



Cross-shaped 
connecting link 




Fig. 12.8 
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is swung out of the plane of the paper to position DI. Angle BODi when 
projected back to the paper is equal to BOD. Angle FOD when swung 
out and projected back is FiODi and is not equal to FOD.) It appears 
that S has moved through the same angle as P. This is not correct, 
since the true angle must be measured in a circle that represents the 
path of D. This can be done most conveniently by using the circle 
in (c). Point D' is projected vertically to D" '. The true angle turned 
through by S is 0. 

This joint does not transmit motion with a constant angular velocity 
ratio. The power transmission elements B, C, Z), and E lie in a plane 
that passes through 0, but the plane wobbles as motion takes place. 
From (b) it can be seen that when fork P turns 180, fork S will also 
turn 180. When fork P is turned to the vertical position, fork S is 
horizontal. Both have turned 90. For four phases in each cycle the 
displacements are equal. For all other phases they are not. Part of 
the time the follower is ahead and part of the time it is behind the driver. 

The relationship between 6 and <f> can be determined as follows, noting 
that G'D' = G"D" and OG" = O(G'). 

tan 6 G"D"/G"0 G'O G"0 cos 

. __ _ _ ' _ ___ _ . . _ __ _ ' . rna R 

G l D l ~/~G'0 G"0 G"0 " p 



or tan = - (12.1) 

cos j8 v ' 

Angle ft is usually a constant in a given application. It is assumed 
constant in this development. 

The angular velocity ratio is obtained by differentiating Eq. (12.1) 
with respect to time. 

2 d<t> _ sec 2 dO 

sec *"5" -~^di 

Letting 

d<j> . dO 

-7- = cop and -77 = ^ 
at dt 

gives 

co., _ sec 2 </> cos ft _ sec' 2 cos ft 



Angle 6 is eliminated, using Eq. (12.1), giving 



co, 



sec </> cos ft ___ cos j8/cos 2 



u p 1 + sec 2 ft tun 2 <(> (cos 2 < + cos 2 ft sin 2 <)/cos 2 <j> 
Letting cos 2 ft = I sin 2 ft gives 

L = ^J 3 (-12 2^ 

, 1 - sin 2 /3 sin 2 <^ V 7 
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For a constant angular velocity of P the angular acceleration of S is 

_ da, _ d / cos ft \ 

"' ~~df ~ dt\" p I - sin 2 a sin 2 </ 

cos ft sin 2 2 sin < cos 



[ (1 - sin 2 ft sin 2 
cos ft sin 2 ft sin 2< 



J 



(12.3) 



p (1 - sin 2 ft sin 2 < 2 

If an intermediate shaft R (Fig. 12.9) and two Hooke's joints are 
used to connect shafts P and S, one joint can be made to compensate 




Fork 



Fork 2 




I 



Fig. 12.9 

for the other. Shafts P and S do not have to intersect. The angular 
velocity ratio of P and S will be unity for all phases if R is placed so 
that the angle between R and S is equal to that between R and P, and 
fork 1 is made to lie in the plane of R and S when fork 2 lies in the plane 
of R and P. 

12.3. Oldham coupling [Fig. 12.10(a)] is used to connect parallel 
shafts. Member 1 has two tongues at right angles that fit into grooves 
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in members 2 and 4. The only relative motion between 2 and 1 is trans- 
lation. The same is true of 1 and 4. Therefore any angular motion of 
member 4 will be imparted exactly to member 2. The angular velocity 
ratio of this coupling is unity. 

This mechanism is an inversion of the double slider mechanism shown 
at (b). If member 3 is fixed, 2 and 4 will rotate equally with 1. 

12.4. The elliptic trammel (Fig. 12.11) is another application of 
the double-slider mechanism. It can be used for drawing ellipses. 
From Fig. 12.11, 

x = a cos <f> 
y = b sin $ 



Then 



= 



(12.4) 



This is the equation of the ellipse with center at the origin, where a is 
the semimajor axis and b is the semiminor axis. Axes a and b are equal 




Fig. 12.11 

when C is chosen at C" midway between A and B. The path of C' is a 
circle of radius a. Equation (12.4) becomes 



This mechanism, when made for drawing, carries a pen or pencil at C, 
and the lengths AB and BC are adjustable. 
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12.5. Generation of second-degree curves.* The general equa- 
tion of the second degree is 

Ax 2 + Bxy + Cy 2 + Dx + Ey + F = (12.5) 

By translation and rotation of the axes a second-degree equation can 
always be reduced to one of the conic equations. 

Ellipse ^ + fs = 1 

x 2 v 2 
Hyperbola 2 - ~ = 1 

Parabola y 2 = 2px 

A machine based on theorems from projective geometry can be made to 
generate these curves. 

Theorem 1. If a right angle moves in its plane in such a way that its 
vertex describes a fixed circle, while one of the arms passes always through 
a fixed point, the envelope of the other arm will be a conic section con- 
centric with the given circle, and having one focus at the fixed point. 
The conic is an ellipse or a hyperbola according as the given point lies 
within or without the given circle. 

Theorem 2. If a right angle moves in its plane so that its vertex 
describes a fixed straight line, while one of the arms passes always through 
a fixed point, the other arm will envelop a parabola having the fixed 
point for the focus and the fixed straight line for the tangent at the 
vertex. The fixed point or focus must not lie on the chosen fixed straight 
line. 

Kinematical schemes for generating the ellipse, hyperbola, and 
parabola in accordance with the foregoing theorems are illustrated in 
Fig. 12.12(a), (b), and (c), respectively. Here F is a focus and FJK is a 
right angle. A curve that looks like a conic but actually is a conic less a 
constant dimension measured normal to the curve will be generated if 
the plane of the cutter is advanced, say to a position L-L as shown in (a). 
This property of parallel curves can be applied in allowing for roller 
radius in the generation of a conic-section cam to operate with a roller 
follower. Templates with an allowance for thickness of sheet metal 
might be made in this manner. Solids of revolution can be made by 
rotating the work during the machining operation. 

A curve that is larger than a conic by a constant dimension measured 
normal to the curve would be generated by withdrawing the cutting 
surface to some position M-M. Thus a conic can be roughed out just 
slightly oversize before finish grinding exactly to size. 

* This article is taken from " Generation of the Conic Sections with Machine 
Tools" by Holland T. Hinkle, Product Eng., August, 1947. 
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(d) 



Fig. 12.12 

A machine for generating any conic is shown at (d). When the 
slotted wheel is fixed in the position shown and slider J is moved in the 
slot, the grinding wheel sweeps out a parabola. When the slider is 
fixed in the slot and the disk is rotated the grinding wheel sweeps out 
an ellipse or hyperbola depending on the location of F. 

12.6. The pantograph is used to enlarge or reduce movements. 
In Fig. 12. 13 (a) link ABC is parallel to OD, and OA is parallel to BD. 
A line through C and intersects BD at P. If C is moved to trace a 
given path, point P will trace a path that is similar but of a diff erent size. 
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In order that the movement of P be similar to that of C it is necessary 
that triangles OPD and PBC be similar for all positions. Here OD and 
BC are always parallel, as are PD and BP. For any position the line OC 




n 



Fig. 12.13 



will produce parallel sides OP and PC. Since OD and BC are fixed 
lengths, PD and BP will also be fixed. The ratio of the sizes of the 
motions will be 

motion of C = OC ^ AC 
motion of P ~ OP ~~ AB 
Other arrangements are shown at (b), (c), and (d). 

Pantographs are used for reproducing drawings to a different scale. 
Maps are a common example. They are also used to guide cutting tools. 
Printing type is first drawn by hand several inches high. A pantograph 
is used to reduce the type and cut the moulds. 

12.7. Straight-line motions. Most of the mechanisms that pro- 
duce straight-line motions without the use of sliders were developed 
before plane surfaces could be machined accurately. At the present 
time the need for these mechanisms is not so great as in the past but 
they still have useful applications. The mechanisms can be classed in 
two groups, exact and approximate. 

Peaucellier's Mechanism (Fig. 12.14) was developed in 1864 by a 
Frenchman, Peaucellier. Links of equal length are AB = BC = 
CD = DA, OA = OC, and OE ED. From symmetry a line through 
OB will pass through D and AC will bisect DB at F. It will be shown 
that point 5 moves in a straight line. 
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Fig. 12.14 

From right triangles OF A and DFA, 

OF* = OA* - AF 2 and DF* = DA* - AF* 
Eliminating AF 2 from the equations gives 

OF* - DF* = OA 5 - DA* 

or (OF + DF)(OF - DF) = OT 2 - DA* 

OG 



But OF + DF = OB = 



cos <t> 



and OF - DF = OD = 2 (OS) cos 



Then 



OG 

COS 



2(OS)cos = 



- Z)A 2 



or 



OA* -DA 2 



= a constant 



The projection of B on a line through OE is a fixed point G. Therefore B 
moves in a straight line perpendicular to OE. 

Kempe's Mechanism (Fig. 12.15) produces rectilinear translation of a 
member with the use of pin-connected links. The proportions of the 
links are, AB = AD = 2CD = 4FE = 4ED. Links BCF' and FCE' are 
rigid members. Here CB'A'E'F'D' is a duplication of the left half of 
the mechanism. If link AED is fixed, the only motion that link D'E' 'A' 
can have is horizontal. 




S/SSS///////S///S 




Fig, 12.15 



Fig. 12.16 
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Another arrangement is shown in Fig. 12.16. The only motion that 
link GHJ can have is rectilinear translation in a vertical direction. 

Sarrufs Mechanism (Fig. 12.17) is one of the simplest and perhaps 
the earliest mechanism to produce straight-line motion. When 1 is 




Fig. 12.17 

fixed, the only motion that 6 can have is rectilinear translation in a 
vertical direction. 

Robert's Mechanism (Fig. 12.18) produces approximate straight-line 
motion. Here E moves very nearly along the line AD. The propor- 
tions of the links are AB = BE = EC = CD, and AD = 2BC. The 
accuracy of the motion is increased as the height of the mechanism is 
made greater in relation to its width. 





Fig. 12.18 Fig. 12.19 

Tchebicheff's Mechanism (Fig. 12.19) produces approximate straight- 
line motion. The mid-point E of CB moves very nearly along the line 
CB. The proportions of the links are AB = CD = 1.25 /ID, and 
AD = 2CB. 

The Scott-Russell and Watt straight-line mechanisms are shown in 
Figs. P 2.3 and P 2.4. 

An Engine Pressure Indicator is shown in Fig. 12.20. Piston B moves 
against a spring and is displaced in proportion to the pressure in the 
cylinder. This motion is transmitted through the linkage and produces a 
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Fig. 12.20. (Courtesy of Bacharach Industrial Instrument Co.) 



larger vertical motion of the pencil P. A pressure displacement diagram 
is traced on a paper that is wrapped around cylinder C. The cylinder is 
rotated in accordance with the piston displacement. It is necessary 
not only that P move in an approximate straight line, but that its motion 
be proportional to that of B. The wire D is used with spark ignition 
engines. Ignition is recorded on the diagram by a hole burned through 
the paper at P. 

12.8. A multiplying linkage that is used in computers is shown in 
Fig. 12.21. In the drawing the ratio of a to b is 2. This setting is used 
to multiply any number by 2. When member 2 is moved 6 units to the 
right, member 4 moves 6 X 2 = 12 units to the left. Any two numbers 
can be multiplied by moving B so that the ratio of a to b is equal to one 
of the numbers. The linkage can also be used for dividing. 
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Fig. 12.21 

12.9. Escapements are used to prevent a wheel from rotating in an 
uncontrolled manner and to cause it to rotate with a definite intermittent 
motion. The Graham escapement that is used in clocks and watches 
is shown in Fig. 12.22. A clockwise torque is applied to the escape 
wheel by means of a spring or weight. The anchor oscillates on the 
axis E, which is called the verge. A balance wheel or pendulum is 
attached to the anchor. The ends of the anchor are called pallets. 
The pallets are close enough together so that there is no position of the 
anchor that allows the escape wheel to rotate continuously. If the 
pendulum is displaced and then released, it will oscillate and allow the 




Escope Whttf 



Fig. 12.22 
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escape wheel to rotate intermittently as the pallets alternately pull out 
of the tooth spaces. This motion will soon cease because of friction unless 
energy is supplied to the pendulum. The required energy is supplied 
by the spring or weight by means of the escape wheel and the inclined 
surfaces be and ef. For the phase shown the pendulum is swinging to 
the right, and the end of a tooth is in contact with the right pallet at b. 
The torque on the escape wheel causes the end of the tooth to slide along 
the surface be. This pushes the pallet to the right and adds energy to 
the pendulum. Before the end of the tooth reaches c, point e on the 
left pallet enters a tooth space and is in a position to catch the adjacent 
tooth and stop the motion. When the pendulum swings to the left, 
point d slides along surface ef arid supplies energy to the pendulum. 
During one cycle the pendulum receives two energy impulses, and the 
escape wheel has rotation corresponding to one tooth. Surfaces of the 
pallets are circular arcs with E as center. When these surfaces are in 
contact with the escape wheel rotation of the anchor does not cause 
rotation of the escape wheel. 

12.10. Ratchets are used to convert rotation or oscillation into 
intermittent rotation or translation. In Fig. 12.23 rotations of crank 6 
in either direction cause intermittent counterclockwise rotation of the 
ratchet wheel 2. If the pawl 3 is changed to the dotted position, the 
ratchet wheel will rotate in a clockwise direction. 




Fig. 12.23 



Fig. 12.24 



In Fig. 12.24, oscillation of 2 causes intermittent clockwise rotation 
of 6. Two pawls 3 and 4, are used to produce rotation for both directions 
of motion of 2. Member 5 is a holding pawl. It is sometimes necessary 
to use springs on the pawls to hold them against the ratchet wheel. 

A silent or friction ratchet is shown in Fig. 12.25. Oscillation of 
3 causes intermittent counterclockwise rotation of 2. Here 5 is a holding 
pawl. 
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Fig. 12.25 Fig. 12.26 

Another type of silent ratchet is shown in Fig. 12.26. Light springs 
push balls 3 into the wedge-shaped spaces formed by 2 and 4. Here 2 
can be the driver in a counterclockwise direction, or 4 can be the driver 
in a clockwise direction. 

12.11. Zero back lash gears. A train of conventional gears with 
zero backlash would require that the gears and mountings be dimension- 
ally perfect and that all parts change equally with a change in tempera- 
ture. A practical way of eliminating backlash in a gear train is shown 
in Fig. 12.27. This is an end view of the mechanism shown in Fig. 8.9. 




Fig. 12.27 

The pinion is made in two parts and the parts connected with a spring. 
In assembly the parts are rotated so that the spring is in tension. If the 
torque produced by the spring is greater than the torque applied to the 
shaft, the pinion can transmit motion in either direction with zero 
backlash. In a train with several gears, alternate gears are made in 
this manner. 
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